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Abstract

Markovian arrival processes are a powerful class of stochastic processes to represent stochastic workloads that include
autocorrelation in performance or dependability modeling. However, fitting the parameters of a Markovian arrival process to
given measurement data is non-trivial and most known methods focus on a single class case, where all events are of the same
type and only the sequence of interarrival times is of interest. In this paper, we propose a method to fit data to a multi-class
Markovian arrival process, where arrivals can be partitioned into a finite set of classes. This allows us to use a Markovian
arrival process to represent workloads where interarrival times are correlated across customer classes and to achieve models
of greater accuracy. The fitting approach performs in several consecutive steps and applies a single non-linear optimization

step and several non-negative least squares computations.
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1 Introduction

An adequate representation of the load of a system is a key aspect of stochastic model building. In many application areas,
load modeling is challenging due to significant correlation between interarrival times of load-generating events. This is
known for modeling of network traffic [30], disk access patterns [31] and failures in software [L1] or hardware systems. In

order to include correlations in a workload model, one uses stochastic processes rather than plain distributions. One class



of stochastic models that is capable of modeling correlations and complex distributions are Markovian Arrival Processes
(MAPs) [17, 27]. In many practical applications, different types of entities arrive and are correlated, e.g., in a network the
transfer of a file causes the generation of a sequence of packets of maximal length followed by one short packet; in a software
system the occurrence of several soft failures may indicate a hard failure. To model such phenomena, a type of stochastic
process is needed that generates different entity classes. A corresponding generalization of MAPs are MAPs with marked
arrivals, MMAP[K], where K denotes the number of different types of entities. According to [12], the concept originates
from [14} 3]]. In [12], He refines the MMAP[K] concept to consider arrivals of batches of customers of K different types and
shows that MMAP[K] includes three interesting classes of models. These are 1) the superposition process of K independent
Poisson processes, 2) a batch Markovian arrival process (BMAP) where batches of customers of only one class arrive, and
3) a point process with K types of customers where customers arrive individually (batches of size 1). The last case is the
one considered in [[14, [13]. BMAPs, the second case, have been extensively studied [25]. Batches can be interpreted more
generally as different classes. This observation has been formalized also in [23] and has been used for the modeling of IP
traffic [32]). In [[L6], MMAPs are characterized by their conditional moments and are used in a decomposition approach for
the analysis of queueing networks.

For better readability, we use MMAP instead of MMAP[K] throughout the rest of the paper. Obviously, a concept like
MMAP that allows us to model a workload with multiple types of entities and correlations among entities of the same class
as well as correlations among entities of different classes is desirable. In order to make use of it, we must be able to derive
an MMAP for given sample data. We need automated methods that perform the necessary parameter fitting. For the case of
a simple MAP and some subclasses of processes, several fitting methods have been developed in recent years (e.g., [8, 19])
that perform the parameter fitting of a MAP according to some measured trace. However, even this much simpler case turns
out to be a complex optimization problem. Only a very few methods are known to fit the parameters of a BMAP as a specific
interpretation of an MMAP. In [6l 22], an Expectation Maximization (EM) algorithm is used with known long runtimes such
that it cannot be applied to traffic traces with several million entries. In [32], a two-step approach for discrete time processes
is proposed, where first two-state MAPs are fitted to match the interarrival times of the classes which are then superposed
and the correlation is added. The problem with the approach is the combinatorial growth of the state space in the number
of classes. In [16], a fitting approach for MMAPs is presented to fit MMAPs according to moments and joint moments,
like in the approach presented in this paper. However, the approach requires that the moments and joint moments be exactly
matched by the MMAP and the fitting results in a representation that is not necessarily a Markov process.

The contribution of this paper is to present an automated fitting method for the parameters of an MMAP that always finds
an MMAP that approximates a given set of moments and joint moments. The approach consists of a sequence of steps such
that its structure is related to that of [32] for BMAPs, but the individual steps are completely different. The paper is structured
as follows. In Section[2] we introduce necessary definitions and notations with respect to MAPs. Section [3|briefly describes
some available fitting methods and discusses possible measures for the quality of the fitting. The new MMAP fitting method

is presented in Sectiond]and Section[3]is devoted to an experimental evaluation. We conclude in Section [6]



2 Basic Definitions and Notations

We begin with some basic definitions and results describing the measured data and the stochastic models, namely, MAPs and

MMAPs that are used for modeling data streams.

2.1 Measured Data

We consider traces that consist of a sequence of events where each event happens at a particular point in time and is of a
certain type taken from a finite set of types .A. For a trace s of length m, we formally consider two aspects: t;, the interarrival
time, the time distance between events 7 and ¢ + 1, and a; € A, the type of the i-th entry. Note that interarrival times are
measured only between the first and the last event in s, so we restrict our considerations of interarrival times to ¢1, ..., ¢, —1.
We denote by s; the trace resulting from s by neglecting the types. We first define some measures that will be used in the

fitting approach. The empirical moments and joint moments of the type independent interarrival time are given by
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Let X (t) be the stochastic process describing the interarrival times. The values vy, and vy ; are estimates for the moments
E(X*) and joint moments E(X}X!) of the interarrival times. Here, a joint moment considers pairs of consecutive times or,
in other words, it takes the interarrival time directly before an event (X)) and directly after that same event (X ) into account.

We refine the notation to consider only the interarrival times of events that have a particular type a. Thus, let X be equal
to X (@) if a type a event occurs. Let F ((X (“))k) be the k£th moment of the interarrival time that follows an event of type a.
For joint moments, we are interested in the interarrival times before and after an event of type a. Let Ef ((X éa))k(X 1)1) be
the joint moment of order (k,!) under the condition that the entity between the two interarrival times was of type a. From
trace s the empirical moments and joint moments of the above type can be computed. Let m, be the number of events in s

that are of type a.
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where §(b) is 1 if b is true and 0 otherwise.
Observe that all measures we defined describe either a single arrival or two consecutive arrivals and consider the time to
the next arrival after observing an arrival of a specific class. These measures result in very efficient fitting algorithms with an

appropriate fitting quality as shown below.

2.2 Markovian Arrival Processes

A MAP X (¢) of size n is a stochastic process defined by two n x n matrices Do and D4 such that

o Dy(i,j) > 0fori# jand Do(i,i) < — > Doli, ),

e Dy(i,7) > 0and Dge? = —D;e” where e is the unit row vector and e’ is its transposition,



e D is non-singular and Dy + D, is an irreducible generator matrix.

The MAP characterizes a stochastic process where events are generated whenever a transition from D; occurs; transitions in
Dy occur as well but are not observable (silent).

Let M = (—Dg)~!. Matrix P = MD; is the stochastic transition matrix of the embedded phase process at arrival
instants. We assume that P is irreducible, then the stationary distribution at arrival instants denoted by 7 is given by 7P = 7
and me” = 1.0. After an event has been generated, the distribution of the MAP is given by 7.

The following results can be found in the literature, e.g., in [34} 20]. The moments and joint moments of the MAP are
given by

k= BE(X*) = klnMP*eT and yy,, = E(X§ X)) = klInM*PM'e™ . (3)

The lag k autocorrelation is defined as
_ pp*rMPFMeT — 1

= 4
P 2uy *nM2eT — 1 @
The double transform of the number of arrivals in (0, ¢) starting with an arrival at time 0 is
f(s,2) = / e E(zXW)dt = (s — Dy — zD;) " tel . Q)
t=0

According to [34], a MAP is non-redundant if the size (i.e., the number of states) equals the order, which is the size of the
degree of the denominator of f(s, z). Then we can recognize the following property about the joint density distribution of

interarrival times and arriving classes.

Theorem 1. [34, Theorem 4] The distribution of a non-redundant MAP of size n is determined by at most n2 parameters,

e.g. by 2n — 1 moments and (n — 1)? joint moments.

2.3 Multi-Class Markovian Arrival Processes

The class of MMAPs is essentially the same as what has been defined in [14, 23] and corresponds to BMAPs [25] in
continuous time with a different interpretation of the arrivals. An MMAP is a stochastic process where events belong to
different classes. Let A be the finite set of classes and ¢ be the number of classes. Then an MMAP is defined as a Markov
process with state space {1, ...,n}, amatrix Do and ¢ matrices D, one for each a € A. All matrices are n x n matrices. If
we abstract from the classes of arrivals, an MMAP defines a MAP (Do, D;) with Dy =} _ , D{. Furthermore, we need
the condition D{ > 0.

For a trace we have defined empirical moments and joint moments after an arrival of class a. We now show how to
compute the corresponding results for an MMAP (see also [16]). Let 7 be the distribution that follows an arrival of class a.
Specifically,

7 =MDY . 6)

Obviously m = >, ©*. p(a) = m*e” describes the probability that an arbitrary event is of class a such that 7 /p(a)
yields the normalized version of the distribution describing the conditional distribution under the condition that the event was

of class a.



The kth moment of the interarrival time after a class a arrival equals

!
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Let £ ((Xéa))k(X 1)1) be the joint moment of order k& and [ under the condition that the arrival between two consecutive
times is of class a.
ue, = E ((Xé“))k(Xl)l) - ]f(!fl!)wM’“MD‘fMleT ®)
The following theorem extends Theoremto MMAPs (see also [16, Theorem 1]).

Theorem 2. An MMAP (Do, D{ (a € A)) of size n with c classes that describes a non-redundant MAP (Do, ), , D})

is characterized by at most cn? parameters.

Proof: The proof follows the proof of Theorem 4 from [34], extended to the multi-class case. An MMAP is completely

characterized by its joint density of the interarrival times and arriving classes.
flt1,a1,. .. tm, ay) = mePotiD{1ePot2D{2 | ePotmDim el

where t; > 0 and a; € A. Since the MMAP is invariant under similarity transformations we can compute the Jordan
decomposition E = —T'DoI'"! with Te” = 1 and F§ = TD¢I'~! (see [34]) and observe that T ~'e” = e” also holds.
The joint densities can then be represented by
Ft1,a1, o by a) = 7T1 S B pe 5 () paT
k1=0 Em=0
Matrix E is characterized by the n eigenvalues of Dy and matrices F{ are determined by cn? — n elements since —E =
> qca F{. Observe that eigenvalues and matrix elements can be complex. Define F = > _ , F{. Vector 7 is determined
by E and F since
(Do) 'Dy = AT 'E'TT!'FT = 7T 'E"'Fl =1

which implies that 7T~ is the left eigenvector of E~'F and 7T~ 'e” = 1.

The theorem implies that the representation of an MMAP is redundant since only cn? out of (¢ + 1)n? parameters are

required.

3 Related Approaches

For fitting the parameters of a MAP or MMAP according to a measured trace one can use two general approaches [[17]]. First,
it is possible to fit the parameters according to the values in the trace. This is usually done by maximizing the likelihood that
the trace has been generated from the fitted MAP. The best method to find parameters that maximize the likelihood are EM
algorithms that have been proposed in different variants for parameter fitting of PH distribution or MAPs [6, 22} 4, 21 35]].

However, to the best of our knowledge only two approaches [6, 22] have been developed for BMAPs and can be extended



to MMAPs. Likelihood based fitting of the parameters is faced with several problems. First, as pointed out in [34]], the
representation of a MAP and also of an MMAP (see Theorem [2) is redundant such that different representations of the
same process exist making optimization hard. Additionally, empirical investigations indicate that especially for MAPs or
MMAPs with more than 2 or 3 states a large number of local maxima of the likelihood function seem to exist such that an
EM algorithm, like other local optimization methods, often traps into the next local optimum. However, the most important
problem seems to be that the computational effort of EM algorithms is very high since they often show a slow convergence
and the time per iteration depends on the length of the trace. This implies that EM algorithms cannot be applied to real traffic
traces resulting from computer systems or networks with often more than a million entries. On the other hand, it seems to
be necessary to consider such long traces to capture the behavior adequately, in particular, if autocorrelation can be observed
[8]].

An alternative to the maximization of the likelihood is the approximation of some derived quantities like empirical mo-
ments, joint moments or lag k autocorrelations. This approach scales well with the length of a trace since only the estimation
of the empirical moments and joint moments requires the detailed trace data. Methods to fit the parameters of a MAP ac-
cording to moments, joint moments or lag k£ autocorrelations are given in [8, 20} [15]. For lengthy measurement traces, these
methods are much more efficient than EM algorithms and usually need at most a few seconds to fit the parameters of a MAP
of moderate size whereas EM algorithms require several hours or days or fail completely.

Unfortunately, fitting MMAPs according to these derived quantities like moments and joint moments is a complex task and
we are aware of only one approach [16] that extends the algorithms presented in [34] to MMAPs. We very briefly describe
the approach here.

First, notice that the representation of an MMAP is not unique. Consider an MMAP of dimension n with matrices
(Dy, DY) (a € A) and let B be a non-singular n x n matrix with Be” = e”. Let Hy = B~'D(B and H{ = B~!D¢B
(a € A). If the off-diagonal elements of Hy are non-negative and H{ > 0, then these matrices are a different MMAP
representation of the same process. This can be easily proven following [34]. If the matrices do not fulfill the non-negative
constraints, then the resulting representation is no longer an MMAP but still represents the same stochastic process.

The fitting procedure of [[16)[34] first generates a matrix vector pair (v, Hy) of dimension n from 2n — 1 moments using
the algorithm of [36]. From this vector matrix pair and the joint moments per class, matrices H{ (a € .A) can be generated
(cf. [16} Theorem 1]). The resulting matrices (Hp, H{) (a € A) usually do not define an MMAP since they contain negative
elements in the matrices H{ and outside the diagonal of Hy. It is not even clear whether the resulting matrices specify a
joint density since moment fitting is done algebraically. We denote the resulting process as an MRAP (Marked Rational
Arrival Process) [2] which is only correct, if the matrices specify a joint density such that a stochastic process results from
the description.

Even if the matrices describe a stochastic process, it is not clear whether they are similar to matrices describing an MMAP
of the same size or at least of a finite size. If the matrices are similar to an MMAP of the same size, a non-singular matrix
B exists such that Dy = B~'H(B and D¢ = B~'H¢B are the matrices of the MMAP. Finding an appropriate matrix B
is a non-linear problem for which only heuristic approaches are known. In [34] B is generated as a product of elementary

transformation matrices based on a non-linear optimization approach using exponential penalty functions. For the examples



in Section 5} we developed a modified version of [34] with a different objective function that behaved much better than the
original. We describe this variant in the following.
Let (Ho, HY) (a € A) be the current matrix representation and let B; ;;, (0 < b < 1) an x n matrix with b in position

1,7, 1 — b in position 4, 4, 1 in position k, k (k # i) and 0 elsewhere (see [34} eq. 25]). Define for some n x n matrix H,
f(H7 iaj? b) = (Bi,j,b)_l HBi,j,b

that is used for the transformation of a current representation (Hy, H{) (a € .A) into a new one. We further define several

functions that contribute to the objective function, namely

o0 (8) =Y (CHE)) ) =Y (B

i#j (2]

2

and
ho (H) =Y ((H(i,j))+)2» i (H) =3 ((H(i’j))+)2
iy I

where (a)™ = max(0, a). Then the following iterative algorithm is applied

1. input(Hy, HY)

2. r=1.0;

3. repeat

4. (4,5,0) = argming ;1 ny.eef0,1] <7" . (90 (f(Ho, k,l,c)) + a;Agl (f(HT, k, l»C))) -
(1o (o kut o) + 5 m (76313, 1)) ) )

5. r=105%*r;
6. if (b >0)

7. Ho = f(Ho,k,1,b) and H? = f(Ho, k,1,b) foralla € A;

(o]

. until (]b] <€)

For the optimization step the Nelder Mead algorithm or any other optimization algorithm for non-linear problems can be
applied. We will compare this variant of the approach in [34] with the new approach developed in the next section with the

help of several examples in Section 3]

4 A New Fitting Approach for MMAPs

According to Theorems [I] and 2] an MMAP is completely characterized by an appropriate choice of moments and joint

moments. However, given cn?

moments and joint moments, it is unclear whether they describe a valid MMAP and, even if
they do, no method is yet known to compute the MMAP in all cases. When applied to empirical moments and joint moments

of real traces, cn? moments and joint moments from the trace usually do not define an MMAP of size n. Thus, we choose a



different approach by approximating rather than matching the given set of moments and joint moments. This implies that we
can always find an MMAP for a given set of moments and joint moments and no relation between the number of moments
and the size of the MMAP is required, although a larger size of the MMAP will usually result in a better approximation. Since
empirical (joint) moments are estimates for the (joint) moments of some unknown process, an approximation of reasonable
quality will usually suffice for successful stochastic modeling.

The approach we present here is a multi-step approach that fits moments or joint moments in every step. The fitting results
of one step put some constraints on the parameters fitted in the next step. At every step, the objective is to minimize the
weighted squared difference between empirical moments/joint moments and the corresponding quantities of the resulting
MMAP. The approach follows the basic ideas that have been presented in [§] to fit the parameters of a simple MAP.

We assume that empirical moments vy, (k € M), vi (k € M®, a € A) and empirical joint moments vy ; ((k,l) € J),
Vi ((k,1) € J* a € A) are available and an MMAP of size n should be fitted according to these (joint) moments. We do
not assume any relation between the number of (joint) moments and n since our goal is the minimization of the weighted
squared difference between empirical (joint) moments and (joint) moments of the MMAP which only in some lucky cases
results in an exact fit.

In the following subsections we present four different steps for parameter estimation performed consecutively such that
the preceding step puts constraints on the optimization problems to be solved in the following steps. The steps are combined

to a complete algorithm in Section.3]

4.1 Fitting General Moments

In a first step, moments vy, (k € M) are fitted. This means that the following function is minimized. For given vy, 8, k € M,

2
. Hi _
(W,D()?GllngDiSt (k%\:/l <Bk (Vk )) ) (9)

In @]) PH Dist is the class of PH distributions characterized by matrix D and embedded initial distribution 7. The moments

we optimize

of (m,Dg) are ug. By are non-negative weights which may be used to adjust the importance of individual moments. For
example, a selection of 8 > (i1 emphasizes that a good fit of lower order moments is considered more valuable than that
of higher order moments.

Different methods for moment fitting exist, in particular for the class of acyclic PH (APH) distributions where matrix Dg
is acyclic and which are a subclass of the class of PH distributions. The first step in the algorithm from [34], presented in the
previous section, generates a PH distribution from a set of moments. An alternative approach to find a PH distribution with a
specific structure from a set of moments by expanding the state space can be found in [[26] while [28] introduces a method to
match three moments with a PH distribution of a specific type. In [19] a method is presented to match 2n — 1 moments with
an APH distribution of size n. However, this approach only works if the moments can all be exactly matched by the APH
distribution which is not necessarily the case for empirical moments resulting from field data. All the mentioned approaches

try to match the moments exactly and do not provide a least squares fitting as defined in (9).



Here we briefly recapture the approach from [§] to solve (9). The approach tries to find an APH distribution that minimizes

the least squares problem. An APH distribution has a canonical representation characterized by the vector 7 and a matrix

A1\
—A2 A2
Do = P (10)
—An—1 An—1
A

where \;11 > A; for 1 < ¢ < n. In [10], Cumani defined the canonical representation and described how to transform every
APH distribution into its canonical form. Observe that the canonical representation is non-redundant and contains 2n — 1
free parameters. The remaining parameter is defined by the condition e’ = 1.

For an APH distribution in canonical form, we have

M)~ et L e Ot
(A2)~h (Ag)~t (M)t
M = (-Dg)" ! = : an
An—1)™h ()7t
(M)~

Now define m* = MFeT such that

2 (A)TtmF () fork > 1,

j=i (12)
1 otherwise,

and py, = k! Y1, w(i)m*(i). If we substitute this representation of py into @) we obtain a non-linear optimization
problem which can be solved with standard methods like the Nelder Mead method. Alternatively, one can use an approach
that alternates between the computation of w and A = (A, ..., \;,). Assuming A is known, then we have to find the minimal
solution of

min 1(||7TA*b||2) (13)

n>0,mel =
where the A is an n x | M| matrix where the /th column equals m* if k is the /th element in M and b(l) = 1. Observe
that (I3) is a non-negative least squares problem with one linear constraint that can be solved with the approach proposed in
[24}133]). For a fixed vector 7 the computation of A is a non-linear optimization problem.

State ¢ of an APH distribution is an exit state if Z?Zl Do (i,7) < 0, itis an entry state if w(¢) > 0. The number of free
parameters for fitting joint moments depends on the product of the number of exit and entry states. Thus we need to transform
the canonical representation of an APH distribution with only one exit state into an equivalent one with several exit states.
Suitable equivalence transformations are given in [8 |20} [7]].

Alternatively, if the trace is not too long or if it can be sufficiently aggregated [29] one may use some maximum likelihood-

based method for generating a PH (APH) distribution. Necessary algorithms for distribution fitting are described in [21} 35}
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18]]. Observe that these algorithm are specifically tailored to the efficient fitting of distributions, they cannot be applied for
MAP or MMAP fitting.

In any case, the result of the first step is a PH distribution (7, D).

4.2 Fitting General Joint Moments

The solution of @) provides us with (7, Dg). In the second step, matrix D is computed such that the empirical joint moments
v ((k,1) € J) are approximated by minimizing the following function. For given vy, B, (k,1) € J,w, and Dy, we

optimize

2
. B
min =~ —1 14
D12 D120,D1eT:7D0eT,7rMD1:7r Z <Bk7l (VkJ >> ( )

(k,l)em
Since Dy and M are fixed, only D; can be modified. To yield a valid MAP, the constraints on the row sums of D; have to be
observed and D, has to be chosen in a way that 7 remains the left eigenvector of MDD according to eigenvalue 1. Altogether

this defines 2n — 1 linear constraints. Since the joint moments of the MAP can be represented as

pr, = k! Z ka(i)Dl(i,j)wl(j) where v¥ = 7M**! and w! = M'e” (15)
i=1 j=1
a non-negative least squares problem with n? variables and 2n — 1 linear constraints has to be solved.

The outcome of this step is a MAP (Dg, D1), which can be refined to an MMAP as shown in the following two steps.

4.3 Fitting Class-Specific Moments

We assume for this step a PH distribution (7, Dg) is available resulting from the first step and fitted according to moments
v, (k € M). In this step, vectors 7 (a € A) are computed such that the moments vy (k € M?, a € A) are approximated.

The following minimization problem has to be solved. For given v}, 8¢, k € M*®, 7, and Dy, we optimize

a 2
. a [ Mk
min E Br | =0 — 1)) (16)
7 (@EA)E g g 7= 720 (keM“ < ' <”k >

where (3} are non-negative weights.
= i7T“MkeT 17)
pla)
implies that the problem of finding appropriate vectors 7 in (I6) is a non-negative least squares problem with cn variables

and 7 constraints since 7 = ) , 7. Values for probabilities p(a) are estimated from measurement data as

m—1

pla) = —— Z 0(a; =a)foralla € A. (18)

i=1
One can also perform this step if (7,Dg) is not available; then the only constraint is (3. , #*) e’ = 1. Of course, in

this case, matrix Dy has to be computed as well. This can be done by an iterative approach that performs non-negative least

squares to find 7 for fixed M and a non-linear optimization approach to find D in canonical form for fixed 7¢.

11



4.4 Fitting Class-Specific Joint Moments

We assume that (Do, D4 ) and 7® are available and D¢ (a € A) should be computed with respect to the following minimiza-

tion problem. For given vy ,, B¢ ), (k,1) € J* 7% Dy, and D;, we optimize

2
. i1
min > Bia| = —1 (19)
D¢: D{>0, > D¢=D;,7nMD{=rn? Vk,l

acA (k’,l)Eja

where 3}, are non-negative weights. ;¢ ; can be represented as

n n

i, = ]fgjj) DD VHHDI L)W' () (20)

i=1 j=1
where v¥ and w! are as in . This defines a non-negative least squares problem with cn? variables and n? + (¢ — 1)n
linear constraints. n? constraints result from > aca DY = Dy and (¢ — 1)n result from 7MD{ = 7. If for all except one
a € A the condition holds, then it also holds for the last vector since the choice of ) . , D{ = D assures TtMD; = 7.

If D, is not available (i.e., step 2 has not been performed), then only the constraints ) _ D¢e’ = —Dge” apply and a

non-negative least squares problem with cn constraints has to be solved.

4.5 The Fitting Algorithm

The complete fitting algorithm consists of the steps described in the previous subsections and is summarized below.

1. Analyze the available trace and determine empirical moments vy, (k € M) and v (k € M?, a € A) and empirical

joint moments vy, ; ((k,1) € J) and Vi (k) e T*,a € A).
2. Use the moments v to fit an acyclic or cyclic phase type distribution (7, Dy).

3. Use the joint moments vy ; to fit the parameters of a MAP to determine D, by solving the non-negative least squares

problem defined in (T4).

4. Use the class-specific moments v} to determine the embedded class-specific vectors 7% by solving the non-negative

least squares problem defined in (16)).

5. Use the class-specific joint moments v} ; to determine matrices D by solving the non-negative least squares problem

defined in (T9).

The third step of the algorithm is elective. If the third step is omitted, then the number of constraints in is reduced
since D1 is not available. For the second step of the algorithm, we can choose any method for fitting PH distributions. We
are not forced to use moments fitting, one can as well use an EM algorithm to maximize the likelihood function with respect
to trace data as in [4, [5]. However, a moment fitting algorithm scales better for large data sets than an EM algorithm.

To apply the complete fitting algorithm, we need to choose values for weights /3. in the individual optimization problems.
From our experience, we can recommend the following. If traces from MMAPs are used where the (joint) moments can be

fitted exactly, setting all 3, to 1 is usually the best choice. However, for empirical (joint) moments that cannot be matched
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exactly by an MMAP of size n, it is more important to approximate lower order (joint) moments well than higher order ones.
Our experiments indicate that 0.1°~! and 0.1°77~2 are good choices for 3; and f3; ;, respectively.

Apart from determining matrix D in the second step, all other steps require only the solution of non-negative least squares
problems. The constraints are integrated in the least squares problems using weights [24]. The dimension of the least squares
problems equals n x M|+ 1 for @), n? x | J| + 2n for , en X (D 4eq IM®]) +n for and en? X (3,04 [T]) +cn
or cn? x ( Y e lT) +cn+ n? for depending on whether D; has been precomputed or not. Solving these problems
is computationally inexpensive as long as n or c are not too large (i.e., cn? has to be in the range of a few hundred at most).
Only the determination of Dg requires a non-linear optimization step. We used the Nelder Mead algorithm from Gnu-Lib for

the non-linear optimization step and the available implementation of the non-negative least square solver [33]].

5 Experiments and Results

In this section, we evaluate the performance of the proposed approach with the help of several examples. First, we fit MMAPs
with respect to moments and joint moments of some known MMAPs in order to evaluate if our approach yields MMAPs that

are in close correspondence to the original MMAPs. Afterwards, we apply our approach to a real network trace.

5.1 Fitting an MMAP to data generated from a known MMAP

We begin with an experiment that uses known MMAPs as input in order to see if the method yields consistent results and
a fitting of good quality. Since iterative numerical methods are applied in several steps of the algorithm, e.g., to solve the
least squares problems, we can naturally only reach accuracy up to some € > 0. The most crucial point is the non-linear
optimization step required for the generation of Dy. In the following, we compute the moments with 8 significant digits and
show the matrices of the resulting MMAPs with 3 significant digits. The weights ), 8, are set to 1 in all cases.

We begin with a simple MMAP with 2 states and 2 classes.

—2.00 0.00 0.00 2.00 0.00 0.00
0= , DY = ) Dl{ =
0.00 —1.00 0.00 0.00 1.00 0.00
The MMAP generates an alternating sequence abab . . ., the time after an a has been observed is exponentially distributed

with rate 1, the time after a b has been observed is exponentially distributed with rate 2. We compute the moments v, the
conditional moments v, and the conditional joint moments v ; (k,[ € {1,2,3}, z € {a, b}) for fitting the parameters of the
MMAP. We do not compute the unconditional joint moments (i.e., step 3 of the algorithm is not performed). The algorithm
computes the original MMAP from these moments and joint moments in about one second.

Using the approach from [16] an MRAP with negative elements in the matrices is generated. However, our procedure

finds an appropriate transformation matrix B to transform the matrices of the MRAP into D, D¢, D}.
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Equation | |...[lo | min (v /) | max (/)
Eq. .9. 5.745e-13 1.000 1.000
Eq. 1) 1.429e-10 1.000 1.000
Eq. (19) 1.007e-02 0.990 1.002

Table 1. Difference between original and fitted MMAP.

The next example models IP traffic and is taken from [22]. It is an MMAP of size 3 with 4 classes.

—228.0 1.00 1.00 1.00 2.00 3.00
Dy = 3.00 —248.00 2.00 , DI =1 20.0 10.0 30.0 )
1.00 2.00 —288.00 40.0 50.0 100.0
2.00 5.00 7.00 100.0 5.0 1.0 100.0 0.0 0.0
D=1 100 50.0 1.0 , D = 0.0 200 1.0 , Df = 0.0 100.0 1.0
1.00 20.0 7.00 0.0 0.0 10.0 2.0 5.0 50.0

Since Dy is not acyclic and we fit the parameters of an acyclic PH distribution in the first step, our approach cannot generate
the same MMAP. Thus, the question is how good the approximation with an acyclic matrix Dg will be.
From the given MMAP, we compute the values for parameters vy, v} and vy, for k,1 € {1,...,5} and z € {a,b,c,d}.

For these values, our algorithm generates the following MMAP in less than a second.

—227.3  0.00  0.00 0.000 8.224 0.491
Do=| 000 -2432 0.00 |,D¢=/| 1582 1450 34.46 |,
0.00  0.00 —2858 75.00 1.673 114.5
0.000 10.28 1.673 98.24 7.839 0.000
DY = 1067 4573 9.767 |, D$=| 0.000 13.89 0.000 |,
16.81 1.267 11.39 0.000 0.000 6.252
99.81  0.000 0.000
D{ =1 0.000 98.36 0.000

0.000 12.14 46.78

This MMAP differs from the original one, but the moments and conditional moments are in very good agreement as
shown in Table[T|where we print the residual norm of the least square fitting and the difference of the moments by printing the
minimum and maximum values of v /- where v are the (joint) moments of the original MMAP and pi- are the corresponding
values for the fitted MMAP. For the joint moments small differences between the original and the fitted MMAP appear but

the difference is in all cases less than 1% which is an excellent result.
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Figure 1. Distribution of the packet sizes for the trace LBL-TCP-3

If we apply the approach of [16], an MRAP is generated first which is then transformed into the following MMAP.

—2481 1.76  4.06 732 33.07 17.23
Do=| 593 —287.8 293 |,D{=/[ 3783 10292 3045 |,
0.96  1.14 —228.1 1.82 344  0.76
50.45 1.13 5.96 20.26  1.03  5.30
DY=| 2337 715 005 |,D${=| 119 1014 319 |,
463 7.99 1.40 526 1.09 99.61
100.00 0.52  0.00
D{=| 975 5000 2091

0.00  0.00 100.00

This MMAP differs from the original MMAP showing that the representation is not unique.

The two examples give evidence that our fitting approach is able to compute an MMAP that is either identical to or a

good approximation of an MMAP used to generate the input data. Similar observations have been made for other example
MMAPs, such that we believe this is a common property of the presented fitting algorithm. So far, the algorithm behaves for
moments and joint moments resulting from MMAPs of the same size similar to the approach of [16]. The difference is that
the approach presented in this paper introduces some approximations but always generates a MMAP whereas the approach

of [16]] matches moments exactly but the matrix for the similar transformation into an MMAP has to be found which can be
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Moments 1 2 3 4 5
Trace 4.022e-3 | 4.760e-5 | 1.096e-6 | 3.946e-8 | 1.976e-9
MAP2 | 4.022e-3 | 4.760e-5 | 1.097e-6 | 3.752e-8 | 1.659¢e-9
MAP4 | 4.022e-3 | 4.760e-5 | 1.096e-6 | 3.946e-8 | 1.974e-9
MAP 8 | 4.022e-3 | 4.760e-5 | 1.096e-6 | 3.946e-8 | 1.974e-9
RAP2 | 4.022e-3 | 4.760e-5 | 1.096e-6 | 3.739¢-8 | 1.648e-9
RAP3 | 4.022e-3 | 4.760e-5 | 1.096e-6 | 3.946e-8 | 1.976e-9

Table 2. Moments of the trace and the fitted MAPs

Joint
Moments 1,1 2,2 3,3 4.4 5,5

Trace 2.105e-05 | 4.559e-09 | 3.772e-12 | 7.364e-15 | 2.375e-17
MAP 2 | 2.103e-05 | 4.805e-09 | 3.265e-12 | 4.139¢-15 | 8.278e-18
MAP4 | 2.105e-05 | 4.561e-09 | 3.683e-12 | 7.043e-15 | 2.462¢e-17
MAP 8 | 2.105e-05 | 4.560e-09 | 3.704e-12 | 7.103e-15 | 2.493e-17
RAP2 | 2.105e-05 | 4.803e-09 | 3.249e-12 | 4.097e-15 | 8.149e-18
RAP3 | 2.105e-05 | 4.559e-09 | 3.587e-12 | 6.639%-15 | 2.18%¢-17

Table 3. Joint moments of the trace and the fitted MAPs

cumbersome. Since real-world data sources are not necessarily MMAPs, further empirical evaluations remain necessary.

5.2 Fitting an MMAP to a Network Trace

We present results for MMAP fittings to the trace LBL-TCP-3 [30] a common benchmark trace taken from the Internet Traffic
Archive [1]]. It was recorded at the Lawrence Berkeley Laboratory in January 1994 and consists of two hours of TCP traffic
resulting in almost 1.79 million observed packets. The trace contains the interarrival times and packet sizes (and some other
information like TCP ports that we did not use for our experiments). We partition packets into four classes according to their
size because different packet sizes will imply different processing times.

The classes become almost immediately apparent from showing the number of packets for different packet sizes (see
Figure[I). The plot contains three peaks. Hence, we choose class b to contain the packet sizes from 1 to 200, class ¢ for the
packet sizes between 201 and 600 and class d for packets larger than 600, including the smaller peak at 1450. Finally, we use

class a for TCP-Acknowledgement messages that are denoted by a packet size of 0 in the trace LBL-TCP-3 and are part of
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the first peak in Figure/[T]

We consider the class-independent interarrival times of the trace first and fit the parameters of MAPs with 2, 4 and 8 states
to approximate moments v; and joint moments v; ; with 4,5 = 1,...,5. We use weights 3; = 10~C=1) for the fitting of the
ith moment and 3; ; = 10~ (+3=2) for the joint moment with index (i, j). Table shows the moments for the trace and the
fitted MAPs with 4 digits of accuracy. The MAP with 2 states matches the first three moments and the MAPs with 4 and
8 states match the first four moments and have a small difference in the last digit of the fifth moment. Our results from [8]]
indicate that it does not make sense to fit higher order moments above order 5 since the estimates of these moments become
unreliable even when taken from a trace with nearly two million entries. Table [3|contains the joint moments v; ; of the trace
and the joint moments j; ; of the fitted MAPs. Results for ¢ # j are similar. It can be seen that it is not possible to match the
higher order joint moments exactly but we obtain a reasonable approximation that becomes better if the number of states of
the MAP grows although the difference between 4 and 8§ states is marginal.

Now we consider the class-specific moments fitted with an MMAP. Table [4] contains the results. First, one can notice that
the moments of the different classes differ such that a fitting with MMAPs has potential benefits. For all three MMAPs the
fitting quality is acceptable. The MMAP with 2 states has some problems in fitting the moments of class 4. This becomes
better if the number of states is increased to 4 and the MMAP with 8 states provides an almost error-free fitting of the first 5
moments.

The situation is similar for the class-specific joint moments shown in Table[5] The approximation in all cases is reasonable
and becomes better with an increasing number of states although this does not hold for all moments and classes. The whole
fitting, including the estimation of the moments from the trace, requires between 1 and 2 minutes, where most of the time is
used to compute the initial APH distribution.

We also applied the approach of [16]] to the moments and joint moments of the LBL-TCP-3 trace and generated processes
with two and three states denoted as (M)RAP 2 and 3, respectively. The (joint) moments of these processes are included in the
Tables For MRAP 3 it is obvious that the matrices do not describe a valid stochastic process since some of the moments
E((X@)k) and B((X?)*(X1)!) are negative which is not allowed in a stochastic process with only non-negative values.

The situation is not clear for MRAP 2. From moment fitting with the method of [[16] we obtain the following matrices.

—516.58 182.17

HO = )
—248.61 0.00
113.95 —9.72 b 168.69 —29.07
Htll = y H1 =
61.63 18.22 91.20 18.93
163.15 —76.20 5.14 —1.53
= , HY =
92.54 —36.18 3.24 —-0.97
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Moments 1 2 3 4 5
class a
Trace 4.455e-3 | 5.619e-5 | 1.305e-6 | 4.602e-8 2.215e-9
MMAP 2 | 4.452e-3 | 5.742e-5 | 1.377e-6 | 4.771e-8 | 2.117e-9
MMAP 4 | 4.455e-3 | 5.614e-5 | 1.305e-6 | 4.583e-8 | 2.205e-9
MMAP 8 | 4.455e-3 | 5.619e-5 | 1.305e-6 | 4.601e-8 | 2.233e-9
MRAP 2 | 4.455e-3 | 5.746e-5 | 1.376e-6 | 4.756e-8 | 2.105e-9
MRAP 3 | 4.455e-3 | 5.619e-5 | 1.328e-6 | 4.829e-8 | 2.430e-9
class b
Trace 4.348e-3 | 5.376e-5 | 1.276e-6 | 4.743e-8 | 2.474e-9
MMAP 2 | 4.345e-3 | 5.499e-5 | 1.308e-6 | 4.519¢-8 | 2.003e-9
MMAP 4 | 4.348e-3 | 5.373e-5 | 1.276e-6 | 4.734e-8 | 2.438e-9
MMAP 8 | 4.348e-3 | 5.376e-5 | 1.276e-6 | 4.674e-8 | 2.454e-9
MRAP 2 | 4.348e-3 | 5.503e-5 | 1.307e-6 | 4.505e-8 1.992¢-9
MRAP 3 | 4.348e-3 | 5.376e-5 | 1.252e-6 | 4.500e-8 | 2.244e-9
class c
Trace 2.806e-3 | 2.458e-5 | 4.841e-7 | 1.603e-8 | 7.394e-10
MMAP 2 | 2.819e-3 | 2.007e-5 | 3.131e-7 | 8.977e-9 | 3.743e-10
MMAP 4 | 2.806e-3 | 2.457e-5 | 4.836e-7 | 1.649e-8 | 8.188e-10
MMAP 8 | 2.806e-3 | 2.458e-5 | 4.841le-7 | 1.602e-8 | 7.440e-10
MRAP 2 | 2.806e-3 | 1.985e-5 | 3.075e-7 | 8.771e-9 | 3.644e-10
MRAP 3 | 2.806e-3 | 2.458e-5 | 5.132¢e-7 | 1.873e-8 | 9.721e-10
class d
Trace 3.212e-3 | 1.808e-5 | 2.005e-7 | 4.124e-9 | 1.275e-10
MMAP?2 | 3.121e-3 | 2.698e-5 | 5.100e-7 | 1.614e-8 | 6.967e-10
MMAP 4 | 3.203e-3 | 2.153e-5 | 2.223e-7 | 3.090e-9 | 5.396e-11
MMAP 8 | 3.212e-3 | 1.820e-5 | 1.976e-7 | 4.053e-8 | 1.311e-10
MRAP2 | 3.212e-3 | 2.912e-5 | 5.708e-7 | 1.833e-8 | 7.933e-10
MRAP 3 | 3.212e-3 | 1.808e-5 | -1.562e-7 | -2.541e-8 | -2.065e-09

Table 4. Class-specific moments of the trace and the fitted MMAPs
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Joint Moments 1,1 2.2 3,3 4.4 5.5
class a
Trace 2.326e-5 | 5.274e-9 | 4.484e-12 | 8.245e-15 | 2.296e-17
MMAP 2 2.322e-5 | 5.573e-9 | 3.826e-12 | 4.860e-15 | 9.726e-18
MMAP 4 2.326e-5 | 5.275e-9 | 4.506e-12 | 9.164e-15 | 3.366e-17
MMAP 8 2.326e-5 | 5.275e-9 | 4.481e-12 | 8.997e-15 | 3.264e-17
MRAP 2 2.326e-5 | 5.293e-9 | 3.537e-12 | 4.439e-15 | 8.819e-18
MRAP 3 2.326e-5 | 5.275e-9 | 4.434e-12 | 8.611e-15 | 2.910e-17
class b
Trace 2.435e-5 | 5.503e-9 | 4.681e-12 | 9.929¢-15 | 3.568e-17
MMAP 2 2.431e-5 | 5914e-9 | 4.065e-12 | 5.163e-15 | 1.033e-17
MMAP 4 2.435e-5 | 5.507e-9 | 4.447e-12 | 8.401le-15 | 2.908e-17
MMAP 8 2.435e-5 | 5.506e-9 | 4.512e-12 | 8.739e-15 | 3.096e-17
MRAP 2 2.435e-5 | 5.761e-9 | 3.897e-12 | 4.909e-15 | 9.762e-18
MRAP 3 2.435e-5 | 5.503e-9 | 4.302e-12 | 7.767e-15 | 2.505e-17
class c
Trace 1.200e-5 | 1.865e-9 | 1.133e-12 | 1.401le-15 | 2.500e-18
MMAP 2 1.200e-5 | 1.719e-9 | 1.033e-12 | 1.273e-15 | 2.529¢-18
MMAP 4 1.200e-5 | 1.864e-9 | 1.171e-12 | 1.774e-15 | 5.024e-18
MMAP 8 1.200e-5 | 1.865e-9 | 1.142e-12 | 1.593e-15 | 4.121e-18
MRAP 2 1.200e-5 | 2.410e-9 | 1.700e-12 | 2.185e-15 | 4.372e-18
MRAP 3 1.200e-5 | 1.865e-9 | 1.130e-12 | 1.917e-15 | 6.443e-18
class d
Trace 8.587e-6 | 4.586e-10 | 1.092e-13 | 4.468e-17 | 2.213e-20
MMAP 2 8.560e-6 | 4.250e-10 | 6.639%-14 | 2.177e-17 | 1.181e-20
MMAP 4 8.587e-6 | 3.826e-10 | 4.919e-14 | 1.631e-17 | 1.271e-20
MMAP 8 8.585e-6 | 4.473e-10 | 1.183e-13 | 9.044e-17 | 1.270e-19
MRAP 2 8.587e-6 | 4.798e-10 | 1.167e-13 | 9.008e-17 | 1.506e-19
MRAP 3 8.587e-6 | 4.586e-10 | 5.046e-14 | -2.097e-16 | -1.312e-18

Table 5. Class-specific joint moments of the trace and the fitted MMAPs
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Figure 2. Average throughput of the system under different models of the arrival process

The procedure to transform the matrices into matrices of an MMAP stopped with the following set of matrices.

—111.92 0.000708 28.23 12.78
HO — y H‘ll =
0.000446 —404.66 20.24 103.94
b 43.12  20.03 9.906 —2.293 d 0.013 0.127
H, = HS — , HY =
19.26 144.51 —5.059 117.06 0.542 4.155

It can be seen that the matrix H still contains two negative values that we were not able to eliminate. Consequently, it
remains open whether the matrices describe a valid stochastic process and, even if they do, whether an equivalent MMAP of
size 2 exists. However, it can be seen that there is only a marginal difference between the moments and joint moments of
(M)MAP 2 and (M)RAP 2 such that the exact moment fitting has no real advantage.

As a final step we consider queueing behavior and analyze a finite capacity queue with capacity 10 and class-specific
exponentially distributed service time with rates 300, 250, 200, and 100 for the classes a through d. The rates are multiplied
with a common scaling factor r = 0.5, ..., 2.0 to analyze the system under different load conditions such that a higher value
of r yields faster service. Packets are served with class-specific non-preemptive priorities that favor smaller packet sizes.
We analyzed the system using a trace driven analysis with the original trace, with Poisson arrivals for all classes (Exp), with
class-specific Coxian distributions that match the first 3 moments of the classes (Cox), with the three MAPs (MAP 2, 4, §)
and with the MMAPs (MMAP 2, 4, §).

Results for the average overall throughput and population in the interval [0, t1,x ], Where ¢, is the length of the trace, are
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Figure 3. Average population of the system under different models of the arrival process

shown in the Figures [2]and 3] Table [6]includes a summary of the relative error for the different input processes. The average
error is presented per class and overall classes for population and throughput. The results give a mixed picture with no clear
tendency. The MAPs and MMAPs provide a better approximation than the exponential or Coxian arrivals. The MMAPs are
only slightly better than the MAPs and the MAPs with a larger state space are not necessarily better even if the approximation
of conditional moments and joint moments is better. The errors for the classes 3 and 4 are large for all input processes which
shows that queue conditional moments and joint moments are not the most significant quantities to determine the behavior in

these cases.

6 Conclusions

In this paper, we present a parameter fitting method for MMAPs to accurately model arrival streams with multiple classes of
arrivals and correlation among those classes. The approach is based entirely on estimated moments and joint moments of an
arrival stream, which can be efficiently obtained even for massive amounts of measurement data, meaning that our method
scales well with real world applications. For given estimates of moments and joint moments, the overall approach consists
of multiple steps with all but one requiring us to solve only least squares minimization problems. The only one that requires
non-linear optimization is the fitting of D to the moments of the arrival stream.

We evaluate our method in two ways: we perform a fitting for an MMAP where the given moments are obtained from
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Input Population
cla | clb clc cld | overall
Exp 7.78 | 12.34 | 31.95 | 253.4 | 21.59
Cox 9.00 | 11.62 | 22.10 | 195.1 | 16.07
MAP2 | 7.56 | 14.17 | 15.81 | 135.2 | 12.10
MAP4 | 0.53 | 13.79 | 16.33 | 177.1 | 12.07
MAPS8 | 7.58 | 17.01 | 12.40 | 151.5 | 10.14
MMAP?2 | 7.56 | 10.17 | 15.94 | 134.2 | 11.75
MMAP4 | 0.80 | 7.88 | 11.33 | 115.7 | 7.57
MMAPS8 | 4.78 | 7.27 | 14.17 | 109.1 | 10.28

Throughput
Exp 8.00 | 5.25 | 19.93 | 63.90 | 8.08
Cox 5.83 | 454 | 18.79 | 58.14 | 7.39

MAP2 | 439 | 3.74 | 16.97 | 55.63 | 5.01
MAP4 | 1.17 | 3.90 | 12.32 | 50.46 | 0.95
MAP8 | 4.07 | 3.32 | 16.77 | 55.58 | 4.83

MMAP?2 | 416 | 3.66 | 16.34 | 55.41 | 4.91

MMAP4 | 0.87 | 2.75 | 12.23 | 50.33 | 0.99

MMAPS8 | 3.21 | 1.76 | 15.34 | 39.45 | 3.68

Table 6. Average absolute relative error in percent for the different input processes
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a known MMAP so we can evaluate the accuracy of our fitting method. In these cases, it is usually possible to generate

an MMAP with a very similar behavior. The second set of experiments fits the moments of a real network trace. The

experiences in this case are mixed. It is possible to accurately approximate the moments and joint moments of the trace with

an MMAP of low order. However, this does not imply that the performance measures of a queue that is fed with the trace

are also accurately approximated when the trace is substituted by the fitted MMAP. It seems that although moments and joint

moments completely characterize an MMAP, queueing performance is influenced by several other quantities such as higher

order joint moments not considered in our current approach. Nevertheless, this paper presents one of the first fitting methods

for MMAPs and can serve as a starting point for the development of methods that consider additional quantities for parameter

fitting.
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