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Abstract

The adequate modeling of correlated input processes is an important step in building simulation models. Modeling
independent identically distributed data is well established in simulation whereas the integration of correlation is still a
challenge. In this paper, ARTA processes which have been used several times for describing correlated input processes
in simulation are extended by using ARMA instead of AR processes to realize the correlation and Acyclic Phase Type
distributions to model the marginal distribution. For this new process type a fitting algorithm is presented. By means of
some real network traces it is shown that the extended model allows a better fitting of the marginal distribution as well as the

correlation structure and results in a compact process description that can be used in simulation models.
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1 Introduction

Many real life processes show a significant correlation between the occurrence of events. Examples for correlated events
are the traffic in computer networks [30], access times and locations at a disk in a computer [32] and also failure times of
software [20]. Usually these systems are analyzed using simulation models which have to capture the real behavior closely to
produce reliable results. This implies that correlations are modeled using stochastic processes rather than distributions. Most
simulation environments or tools for input modeling assume only independent identically distributed (iid) input data and
do not support the modeling of correlations [23]. However, neglecting correlation in models like queueing networks often
results in huge approximation errors as shown several times for example in [14] and [25]. Thus, an adequate consideration of
autocorrelations in simulation models is necessary but still a challenge.

Although, in principle, the modeling of correlated processes is established [8], the use of time series models as arrival
or service processes in stochastic simulation models is complicated and an active research field. There are only very few
approaches that are applicable to model dependent processes from trace data. Among these approaches the autoregressive
to anything (ARTA) model and its corresponding fitting method [7, 12] are very prominent and have been used to model

various dependent processes [6]. In this paper, we slightly extend the ARTA approach in two directions. First, we consider



Autoregressive Moving Average (ARMA) processes instead of Autoregressive Processes (AR) to model the autocorrelation.
Second, we show that the class of Acyclic Phase Type (APH) distributions can be integrated as marginal distributions in ARTA
like processes, allowing an efficient generation of the process specification and a very good fitting of the marginal distribution.
Our primary goal is to find a mathematical model that can be used to capture real processes sufficiently accurately and can
be used to generate realizations of these processes in a simulation efficiently. The major application are traffic processes
in computer networks which are often characterized by a strong autocorrelation over many lags such that long traces are
necessary for a reliable estimation of measures related to the processes. Typical network traces include more than a million
entries and fitting methods have to deal with this number of events. Our examples which use real network traces show that
APH distributions allow a much better approximation of the marginal distribution than other commonly used distributions
which can be measured in terms of the likelihood value or the difference in the fitted moments and still have the necessary
flexibility to be integrated into ARTA models.

The outline of the paper is as follows: In the next section we give a brief overview of related work and introduce the basic
definitions. Afterwards, in Section 3 we compare different models for the marginal distribution of three different network
traces. Then the model of correlated APH distributions using ARMA processes is introduced. In Section 5 we show how
the processes model the three example traces. The paper ends with the conclusions where we also present a brief outline of

future extensions.

2 Related Work

We begin with a very brief overview of input modeling for simulation before we introduce the ingredients of our approach,

namely phase type distributions, ARMA and ARTA processes.

2.1 Input Modeling for Simulation

We consider the modeling of stochastic processes Y; according to some trace observed in a real system and use the notation X
for an iid random variable. The use of iid random variables to model data is well established in stochastic simulation, methods
for estimating the parameters of different distributions according to trace data are presented in textbooks on simulation (e.g.,
[23]). The quality of the fitting is often measured in terms of the likelihood, i.e., if fx (z) is the probability density of X
and T = (t1,ta,...,t;) are the values of the trace which are in our case interdeparture times of packets in a computer
network, then the likelihood function is given by L(T, X) = Hézl fx(t;). For numerical reasons often the log-likelihood
I(T) = log L(T, X) rather than the likelihood is used. Of course, a larger value of the (log-) likelihood indicates a better
fitting. Other measures to compare the fitting of different distributions are the comparison of moments, statistical tests and
QQ plots [23].

Less well established in simulation input modeling is the fitting of stochastic processes to capture apart from the marginal
distribution also the autocorrelation. Let Y; (t = 1,2,...) be a stationary time series with lag k£ autocorrelation p; =

Corr(Yy,Yiyr) (k = 1,..., K). There are two basic approaches to model such processes [23, 13]. First, one can exploit



specific properties of the marginal distribution Fy which has been done for various marginal distributions like Normal,
Lognormal, Johnson distributions but has to be specifically developed for every distribution. The second approach first
constructs a process Uy with uniformly [0, 1] distributed marginals and uses the transformation Y; = Fy, 1(U;) which has to
assure that the generated Y; possess the required autocorrelation structures. TES and ARTA processes belong to the second
class of models [23]. We consider here an extension of ARTA processes which are very general and will be introduced in
Section 2.4. Of course, Corr(Y:, Y1) does not characterize the complete process but it is usually seen as a measure that

adequately describes dependencies and can be captured by input models.

2.2 Phase-type distributions and Markovian Arrival Processes

Phase Type (PH) distributions describe iid random variables as absorption times of a finite Markov chain [28, 29]. A PH
distribution is defined by an n x n matrix Dy and an initial distribution 7. Matrix Dy is the generator of an absorbing contin-
uous time Markov chain. Events are generated whenever an absorption occurs and the process starts afterwards immediately

as defined by 7. The moments and probability density of PH distributions are given as
pi = B(X") =ilrM'” and fx(t) = mePote” (1)

where M = —(Dg)~! and e is a row vector of ones of length n. Some subtypes of PH distributions like hyperexponential
or Erlang distributions are commonly used in simulation, their parameters are usually fitted according to low order moments.
PH distributions are very flexible since every distribution with a strictly positive density in (0, co) can be represented by a PH
distribution [2] and they can be used in Markov models which apart from simulation allow also an analysis using numerical
techniques.

Several approaches exist to fit the parameters of a PH distribution according to available trace data like EM algorithms
to maximize the likelihood [1]. However, it turns out that parameter fitting for arbitrary PH distributions is hard since no
canonical representation is known for this class and the matrix representation is redundant. For Acyclic Phase Type (APH)
distributions which are characterized by an upper triangular matrix D, parameter fitting becomes easier and can be done by
moment fitting as for in example in [11] or likelihood maximization via specific EM algorithms as in [33]. Examples show
that the restriction to APH distributions does not seriously restrict the modeling power (see e.g. [33]).

PH distributions can be extended to Markovian Arrival Processes (MAPs) [28] for modeling correlated arrival streams.
However, the parameter fitting for MAPs to capture a larger number lag k correlations is hard, although some progress has
been made recently [15, 21]. We do not consider parameter fitting for MAPs but present for comparison some results in
Section 5.

Although PH distributions and MAPs are mainly applied for analytical modeling, they can be used in simulation models as
well. Event generation requires then the simulation of the Markov chain and the generation of an event whenever a transition
triggering an event occurs. This can be done efficiently as long as the fraction of transitions triggering events is not too small.

For an APH distribution at most n + 1 random numbers are necessary to generate an event as shown below.



2.3 Autoregressive Moving Average (ARMA) Processes

Autoregressive Processes (AR) and Moving Average Processes (MA) are well established in time series modeling (see [8]).

An AR process of order p (AR(p)) is given by
Zy=a1ly 1+ a9+ .+ aply_p,+e 2)
and MA processes of order ¢ (M A(q)) are defined as
Zy = Prei—1 + Baci—o + ... + By€i_q + & 3

with the values ¢, that are denoted as innovations and are normally distributed with mean zero and variance o2. A combination

of autoregressive and moving average processes results in ARM A(p, g) models defined as
Zy=o1Zy 1 +aoZi_o+ ... Foapli_p+ Prec—1 + Pocr—o + .. + Beer—g + €& “4)

ARMA models are the most flexible of the three process types, methods for fitting the parameters according to given lag
k (k = 1,..., K) autocorrelation coefficients are available and are implemented in standard statistical software tools [8].
However, the marginal distribution of the models is always given as a weighted sum of N(0,c?) random variables which
implies that only marginal distributions that can be derived from a normal distribution by simple transformations, like the

log-normal distribution, can be adequately captured by ARMA processes.

2.4 Autoregressive to Anything (ARTA) Processes

ARTA processes [6, 12] combine an AR(p) base process with an arbitrary marginal distribution Fy and are defined as a
sequence Y; = Fy, ! [®(Z:)] (¢t = 1,2,...) where Fy is the required marginal distribution, ® is the standard normal cumulative
distribution function and {Z;;¢t = 1,2, ...} is a stationary Gaussian AR(p) process as described in Eq. 2 that is constructed
such that the distribution of the {Z,} is N (0, 1) (cf. [12]). Then the probability-integral transformation U; = ®(Z;) ensures
that U () is uniformly distributed on (0, 1) (cf. [18]) and the application of Y; = F} '[U;] yields a time series {Y;,t =
1,2, ...} with the desired marginal distribution Fy. [12, 13] established a relation between the autocorrelation structures
of the ART A process and the base process, which are related by Corr(Y;, Yiiy) = Corr (Fy  (2(Zy)), Fy ' (2(Zi14))),
and gave an efficient numerical procedure to construct an A R(p) base process such that the ART A process has the desired
autocorrelations that are e.g. estimated from a trace.

For fitting of ARTA models two approaches exist that are described in [13] and [6]. The first approach only determines the
AR(p) base process for a given marginal distribution and a trace, while the second fits a Johnson distribution and the base
process. In both approaches marginal distribution and autocorrelation are fitted separately. This is also the approach we use.
Of course, this approach implicitly assumes that the process is stationary (i.e., the marginal distribution does not change over

time and the base process is stationary).



3 Motivation

Since ARTA processes rely on the inversion of the cumulative distribution function, they are suitable for distributions for
which a closed-form expression for the inverse cdf exists. They may also be applied for distribution where Fy. ! can be
approximated numerically, although this can be cumbersome if many random numbers have to be generated from the ARTA
process since for every random number the value of Fy- ! has to be computed numerically. For the general class of PH
distributions the ARTA approach is not feasible since in general the inverse cdf cannot be computed efficiently. But for
APH distributions, which can be characterized by a mixture of finite sequences of exponential distributions as shown below,
we can find a different way to combine the marginal distribution with a base process that does not rely on the inversion of
the cdf. In particular, the class of Hyper-Erlang distributions is very promising since it allows an easy integration in the
ARTA approach as shown below and is flexible enough to capture adequately many marginal distributions occurring in real
processes including network traces.

To clarify the benefits of using APH distributions we fitted APH distributions, in particular Hyper-Erlang distributions with
r states (H ErD(r)), with an increasing number of states and several other distributions, for which the ARTA approach has
been used, to three different network traces. Two of the traces are from the Internet Traffic Archive!. The trace BC-pAug89
[24] contains a million packet arrivals observed at the Bellcore Morristown Research and Engineering facility in August 1989.
The trace LBL-TCP-3 [30] contains two hours of TCP traffic from the Lawrence Berkeley Laboratory and was recorded in
January 1994. The third trace TUDo [22] contains interarrival times of one million packets that have been measured from the
Squid proxy server at the Computer Science Department of TU Dortmund in 2006. For our experiments all traces have been
scaled to have a mean value of 1. The distributions considered for fitting are the exponential and lognormal distributions using
the maximum likelihood estimators that are available in textbooks [23], the Johnson system of distributions using quantile
estimation from [35], the Weibull distribution using a general purpose optimization algorithm for the maximization of the
likelihood function and, as already mentioned, Hyper-Erlang distributions using the EM approach from [33]. Table 1 shows
the likelihood values of the fitted distributions according to the three traces, which are computed as described in Section 2
neglecting the correlation. In addition we list the moments of the fitted distributions in conjunction with the relative errors
(|wi — fa:]/fa:) - 100 in percent with p; and [i; being the ith moment of the distribution and the trace, respectively. The
results in Table 1 clearly indicate that APH distributions usually yield better approximations in terms of both likelihood and
moments than the other considered distributions, especially the likelihood increases significantly when increasing the number
of phases. Fitting times for APH distributions using the tool ProFiDo [3] are slightly larger than parameter fitting for standard
distributions like for example exponential, Weibull, lognormal but require usually at most a few minutes which is acceptable.
This is a strong argument to use APH distributions in ARTA processes for a better fitting of the marginal distribution.

Another limitation of ARTA processes results from the use of AR(p) base processes, that may result in large model de-
scriptions if a large number of autocorrelation coefficients has to be matched which is often the case in application areas like
computer networks with strong dependencies over several lags. Usually, an AR(p) process can match the first p autocorrela-

tion coefficients exactly but falls short of fitting higher lags, while ARM A(p, q) processes can provide a close approximation

Ihttp://ita.ee.lbl.gov



Distribution  Log-Likelihood Moment 1 Moment 2 Moment 3
BC-pAug89 Exponential —999999 1.0 (0.0%) 2.0 (52.7%) 6.0 (90.7%)
Johnson SU  —959863 0.89 (11.0%) 1.8 (57.4%) 8.1 (87.5%)
Weibull —990007 0.95 (5.0%) 2.1 (50.3%) 7.3 (88.7%)
Lognormal —953799 1.05 (5.0%) 4.1 (2.9%) 56.9 (12.1%)
HErD(2) —911558 1.0 (0.0%) 4.5 (5.9%) 66.3 (2.4%)
HErD(3) —911135 1.0 (0.0%) 3.5 (16.9%) 34.4 (46.9%)
HErD(4) —874270 1.0 (0.0%) 4.1 (2.9%) 51.2 (20.9%)
HErD(5) —847551 1.0 (0.0%) 4.1 (2.9%) 50.8 (21.5%)
LBL3-TCP  Exponential —1.78999¢ + 06 1.0 (0.0%) 2.0 (32.0%) 6.0 (64.4%)
Johnson SB  —c¢ 0.96 (4.0%) 2.3 (21.8%) 8.6 (48.9%)
Weibull —1.72494e + 06 0.95 (5.0%) 2.4 (18.4%) 9.8 (41.8%)
Lognormal —1.69839¢ + 06  1.14 (14.0%) 8.1 (175.3%) 345.6 (1952%)
HErD(2) —1.69793e¢ + 06 1.0 (0.0%) 2.8 (4.8%) 14.4 (14.5%)
HErD(3) —1.69581e + 06 1.0 (0.0%) 2.9 (1.4%) 16.1 (4.4%)
HErD(4) —1.69509¢ + 06 1.0 (0.0%) 2.9 (1.4%) 15.5 (8.0%)
HErD(5) —1.67248¢ + 06 1.0 (0.0%) 2.9 (1.4%) 14.9 (11.5%)
TUDo Exponential —oo 1.0 (0.0%) 2.0 (96.9%) 6.0 (100%)
Johnson S 398952 0.64 (36.0%) 49.0 (24.2%)  426400.6 (3206%)
Weibull 455191 0.48 (52.0%) 2.0 (96.9%) 24.6 (99.8%)
Lognormal 603905 0.55 (45.0%) 21.9(66.1%) 64009.4 (396%)
HErD(2) 384320 1.0 (0.0%) 12.0 (81.4%) 236.8 (98.1%)
HED(3) 571616 1.0(0.0%)  24.0(62.9%) 1022.5(92.1%)
HErD(4) 595607 1.0 (0.0%) 31.1(51.9%) 1818.7 (85.9%)
HErD(5) 609339 1.0 (0.0%) 48.0 (25.8%) 4938.6 (61.7%)

Table 1: Likelihood and moments for the fitted distributions

for a larger number of lags (often much larger than p 4 ¢) and still keep the model size small. These observations motivate
an extension of the ARTA approach that allows for a combination of APH distributions with an ARM A(p, q) base process

which will be presented in the following section.

4 Correlated Acyclic Phase-type Processes

In the following we will present an approach that combines an APH distribution of order n and an autoregressive moving
average process ARM A(p, q) into one process to describe correlated phase-type distributed data. These novel processes
will be denoted C AP P(n, p, q) (Correlated Acyclic Phase-type Processes). First, we describe how the APH and the ARMA

process are combined into one model. The APH and the base ARMA process can be fitted separately in two steps. For fitting



APH distributions various approaches exist that can be used and we refer to the literature mentioned in Section 2.2. For our
examples we used the moment fitting technique of [11] and the EM algorithm of [33] which are both implemented in the
freely available tool ProFiDo [3].

The construction of the ARMA process will be described in Section 4.1. Section 4.2 deals with a special class of Correlated
Acyclic Phase-type Processes that restricts the APH distribution to Hyper-Erlang distribution and results in simpler notations.
In Section 4.3 we will outline some requirements for the APH distributions and show the limits of this approach. The complete

algorithm for constructing CAPPs is given in Section 4.4.
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Figure 1: An APH and its elementary series

For the combination of APH distributions and ARMA processes we need a different representation for the APH distribu-
tions than the usual matrix notation. An APH distribution can be represented as a set of elementary series [16]. Each series
describes one path from an initial state to the absorbing state of the APH and has a probability that is computed from the
the transition rates along the path and the initial probability of the first state of the path. Let ¢y, 1o, ..., ix be the states of an
elementary series. Then the initial probability of this series is given by

- Do(i1,i2) Doliz,i3) — t(ix)
" —Dqg(i1,i1) —Do(iz,12)  —Do(ik, ix)

where t(i),) denotes the transition rate from state i, to the absorbing state.

Furthermore, each path describes an Hypo-Exponential distribution. An example of an APH and its elementary series is



shown in Fig. 1.

Let 7; be the probability of the i-th path (¢ = 1, ..., m). Define

Q1 = 0
b, = b, + 7 i=1,...m
b, = b1 t=2,...,m
and
1, U € [b;,b;)
6(U,i) = ()
0, otherwise

Let {Xt(Ai)} be sequences of iid random variables with Hypo-Exponential distribution described by a vector of rates A; with
length S; that contains the transition rates of the i-th series.

Assume, that {U, } is a sequence of uniform (0, 1) distributed random numbers. If the {U; } are independent the process
Y= 6,0 x M (©)
i=1

uses the elementary series to describe a sequence of iid random variables with the same acyclic Phase-type distribution that
the elementary series have been computed from. In a CAPP, the ARMA process is used to determine an elementary series
which generates the value of the next realization such that the marginal probability of the ith series is 7; but the probabilities
are correlated to introduce correlation in the generated random variables.

Now let {Z;} be an ARM A(p, q) process as defined in Eq. 4 and assume that o2 is set such that the {Z;} have a standard
normal distribution. The construction of this process will be explained in the following section. Setting U; = ®(Z;), where
® is again the standard normal cdf, ensures that the {U; } still have uniform distribution on (0, 1) (cf. [18]). Then, since the
{Z} are correlated, the use of Uy generated from Z; in Eq. 6 will generate correlated random numbers with the same APH
distribution as before.

To make use of this correlation a relation between Corr[Yy, Yiyp] (ie., the correlation of the generated values) and
Corr|Z;, Ziy1) (i.e., the correlation of the values from the ARMA process) has to be established. We are looking for a
process { Z; } with autocorrelations Corr[Z;, Z;1 5] such that {Y;} has the desired autocorrelations Corr|[Y:, Yiip].

The autocorrelations of {Y;} can be expressed as

E[YiYin] — E[Y]?
Var[Y]

CorrYy, Yiyn] = (7)

Note, that E[Y] and Var[Y] are known, they can be computed using Eq. 1. Hence, we can restrict ourselves to E[Y;Y;yp].

EY,Y,y] = E (Zfs(Ut,i)XW) > 06U, XS ®)
j=1

i=1

= FE Zé(UtaZ)Xt(AZ)(S(Ut—&-ha])Xt(ﬁ;L) 7i7j:17'~~7m
4,J
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- Z ( Ai(s ) Ajl(s) E[5(Ut,1)0(Uryn, j)]
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B Z < Ai(s ) A;(5) E16(®(2),1)0(2(Zt1n), 5)]
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where ¢,, (2¢, z¢41) is the bivariate standard normal density function with correlation py, = Corr[Z;, Zyyp).
Using our knowledge of the function 6(-) Eq. 8 can be simplified. Note from Eq. 5 that §(u, i) is 1 for u € [b;,b;) and 0

otherwise. We can use this information to determine the integration bounds in Eq. 8 and omit §(-) in the double integral:

Si 5 H(55)
ElY;Yiin] = Z <Z ) Z /1(b /1(b) pn (28, 2e4n)dzedze )

=1 1

Thus, to determine E[Y;Y;4] for each combination of elementary series the product of the mean value of the first series, the
mean value of the second series and the bivariate normal integral, where the integration bounds are given by the probabilities
of the two series, have to be computed. For the computation of the bivariate normal integral fast numerical procedures exist

[19]. The complete approach is outlined in Fig. 2.

Zl‘ = CY]Zt_l + azZt_z + ...+ apZt—p +1816t—1 +Bz€t_2 + ... +Bq€t_q + E[I

~ N(O, 1)

Uy = q)(Zt)

~ U0, 1)
A 4
Y, =" 68U, X

Figure 2: Steps for Constructing a Correlated Acyclic Phase-type Processes

4.1 Constructing the ARMA Base Process

The ARM A(p, q) base process has to observe two requirements. First, it has to exhibit an autocorrelation structure such

that the CAPP(n, p, q) approximates a given set of lag-k autocorrelation coefficients that have been estimated from a trace.
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Second, in the previous section we required the ARM A(p, ) base process from Eq. 4 to have a standard normal distribution
(Z: ~ N(0,1)), 1i.e. the variance (or autocovariance at lag 0) of the ARM A(p, q) process has to be 1. Hence, the construction
of the ARMA base process consists of three parts. We have to determine the autocorrelation structure of the base process
depending on the desired autocorrelation structure of the CAPP model, we have to fit an ARMA model according to that
autocorrelation structure and we have to modify the ARMA model to have a standard normal distribution.

The autocorrelation structure can be determined numerically up to an arbitrary accuracy using Eq. 9. Let g, be the lag h
autocorrelation the resulting CAPP process should have. Then we are looking for a base process autocorrelation py, such that
the CAPP has correlation gy, according to Eq. 9. Observe that Eq. 9 defines how to compute gy, from a given py,, but not the
other way round. Since in our case gy, is given (i.e. estimated from the trace) and we have to determine the corresponding
ph. this has to be done numerically by a simple line search algorithm [31]. The simple approach can be applied since the
transformation is monotonic in the autocorrelations of the base process (see Section 4.3). It should be observed that also in
the basic ARTA approach a numerical technique has to be applied to compute the lag k autocorrelation coefficients of the
base process [7, 13].

If the base process autocorrelation structure p = (p1, p2, ..., P ) has been determined we need to construct an ARM A(p, q)

that exhibits this structure. This can be done by using a general purpose optimization algorithm to minimize

K " 2
. P
min E — -1 (10)
1 <Pk )

where the pj, are the autocorrelations of the ARM A(p, ¢) model that is constructed during the minimization process and the
pi are the autocorrelations to be achieved. One has to find a compromise between a moderate size of the parameters p and g
to keep the model simple and an adequate fitting of the lag k& (k = 1, ..., K) autocorrelations.

The last step in the construction of the base process consists in adjusting the variance such that the process has a standard
normal marginal distribution. We use the following representation from [9] for the autocovariance that is appropriate for

actually computing the autocovariances:

Y(k) —ary(k=1) — . —apy(k—p) =02 Y Bitjx,  0<k <max(p,q+1) (11)
k<j<q
and
v(k) —a1y(k—1) —... —apy(k —p) =0, k> mazx(p,q+1) (12)

Defining 5o =1, 8; = 0,j > gand a; = 0,5 > p the ¢; can be computed from
b= Y awhik =P8,  0<j<max(pq+1)
0<k<j
and

wj — Z ak'wj*k = 0, ] > max(p,q+ 1)
0<k<p

The autocorrelation of a stationary ARM A(p, q) process is given by pi = (k)/7(0), the py, are independent of o2 and we

can set o such that the {Z;; ¢ = 1,2, ...} have a standard normal distribution without modifying the autocorrelation structure

11



of the base process. Thus, for a given ARM A(p, q) process with G2 being the variance of the white noise and 7(0) being the

autocovariance at lag 0 we can solve Egs. 11 and 12 and then set the new variance to
¢ =52/7(0) (13)

resulting in a new N (0, 1) process with the same autocorrelations as the old process.

4.2 Correlated Hyper-Erlang Processes

Using Hyper-Erlang distributions instead of the more general acyclic phase-type distributions has several advantages. For
this class of distributions an efficient EM algorithm exists for fitting [33]. Furthermore, the ideas presented in the previous
sections can be simplified for Hyper-Erlang distributions. The elementary series of the Hyper-Erlang distribution correspond
to the branches of the distribution. Additionally, each series has an Erlang distribution instead of the Hypo-Exponential
distribution which simplifies Eq. 9. Let S; be the number of phases and A; the rate of the i-th Erlang branch. Then Eq. 9

becomes

S. S. SN(by) pOTH(b:)
E[Yth-Hz] :Z )\i)\j[bl(bj) Al(bi) @ph(zt’zt-fh)dztdzt-i-h (14)

.3

We will denote this special class CH EP(n, p, q) (Correlated Hyper-Erlang Process).

4.3 Requirements and Limits of the Approach

The possible range of the autocorrelation coefficients for a CAPP depends on the APH distribution that is used. To create a
correlated sequence of phase-type distributed random numbers at least two elementary series with different expected durations
are necessary. For Hyper-Erlang distributions this requirement is equivalent with the distribution to have at least two distinct
branches. This is not a significant restriction, because an equivalence transformation can be applied to increase the number
of elementary series of an APH distribution [16, 21]. For distributions like exponential and Erlang that do not fulfill the
requirement, the ARTA approach is applicable because their cumulative distribution function can be inverted.

The correlated series of uniformly distributed random numbers generated by the base process is only used for the determi-
nation of the elementary series, the exponentially distributed phases of each series are independent of this choice. In general a
CAPP cannot achieve the full range from [—1, 1] for the autocorrelation. The minimal and maximal possible autocorrelation
of the CAPP can be computed from Eq. 9 for a base process autocorrelation of —1 or 1, respectively. In cases where this
minimal or maximal autocorrelation is not sufficient to fit the estimated autocorrelation from the trace, a transformation of
the APH distribution can be applied to add additional elementary series such that the range of achievable autocorrelation lags
is increased. Note, that this is a rather theoretical issue. For all the experiments conducted in Section 5 no transformation
was necessary at all.

We assume that the elementary series are ordered according to their mean values. Let X; and X; be two random variables
that have a Hypo-Exponential distribution corresponding to the ¢-th and j-th elementary series of the APH distribution. Then
i < j = E[X;] < E[Xj]. This is, of course, not a restriction because the order of the series has no effect on the distribution

but is a necessary requirement to ensure that the autocorrelation of the CAPP is nondecreasing in the autocorrelation of the
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base process. Observe, from Eqs. 7 and 9 that for a given APH distribution the autocorrelation of the CAPP is a function only
of the base process autocorrelation p which appears in ¢,(-) in Eq. 9. We will denote this function as w(p) = Corr[Yy, Yiyp]
for the base process autocorrelation p. Then it is easy to verify that we have p; < py = w(p1) < w(p2). For positive
correlations this follows directly from [34, Theorem 5.3.10], which states that for two normal variables Z; and Z, with
correlation p Corr[g(Z1), g(Z2)] is nondecreasing in p for all functions g(-). For

m m

Yi=9(Z) =Y 6(®(Z), )X and  Yirn = g(Zesn) = Y 0(®(Zesn), ) X2
=1 =1

we obtain that w(pp) = Corr[Ys, Yiyp] is nondecreasing for 0 < p, < 1. For negative correlations a similar result has been
obtained in [12, Theorem 1]. Note, that for the proof in [12] to work, E[g(Z;)] is required to be nondecreasing in Z;, which

is actually ensured in our case by sorting the elementary series of the distribution according to their mean values.

4.4 An Algorithmic Approach

In the following we will combine the ideas from the previous paragraphs into one algorithm for fitting CAPP(n,p,q)
processes. The algorithm is outlined in the listing below. We assume that the APH distribution has already been fitted
according to a trace by one of the available approaches. The other inputs are the lag & (k = 1,..., K) autocorrelations py,

that should be used for the fitting and the order (p, q) of the ARMA base process.

1. Input:
APH or HErD APH (n)
Lag k autocorrelation of the trace (p1,. .., px) computed as in Eq. 15

p, ¢: number of AR and M A coefficients
2. determine and sort elementary series of AP H (n)
3. determine ARM A autocorrelations p = (p1, pa, ..., px) using Eq. 9 or Eq. 14
4.  minimize Eq. 10 to find an ARM A(p, q) model for p
5. set variance of ARM A(p, q) according to Eq. 13
6. return CAPP(n,p,q) model with base ARM A(p, q) process and distribution APH (n)
In the first step of the algorithm the elementary series of the APH distribution are computed (cf. Fig. 1) and sorted according

to their mean values. As already mentioned, for Hyper-Erlang distributions the series are directly given by the branches of

the distribution. The autocorrelation of lag k is estimated from the trace by

B
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p is the desired autocorrelation that the C'A P P model should have.

In the third step the base process autocorrelations are determined that correspond to the desired autocorrelations for the
CAPP that have been estimated from the trace as described in Section 4.1 with a simple search algorithm using Eq. 9 in the
general case or Eq. 14 for Hyper-Erlang distributions.

In the next step an ARM A(p, q¢) model is fitted to the autocorrelations determined in the previous step according to
Eq. 10. For our approach we used the downhill simplex method of [27] to solve the minimization problem. A ready to use
implementation is for example available in [26].

In the last step the variance of the innovations is adjusted (cf. Eq. 13) such that the base process has standard normal dis-
tribution and the C AP P(n, p, ¢) model consisting of an AP H (n) distribution and a base ARM A(p, q) process is returned.

The selection of the model order is important for the quality of the fitted model. If p and q are too small for the number
of autocorrelation lags to be matched, the model will provide a poor approximation of the autocorrelation. If p and ¢ are
too large, the model becomes complex and one might run into the problem of overfitting [9]. However, since network
traces are usually very long with a million or more entries, the problem of overfitting is usually negligible. A run of the
algorithm presented above only takes a few seconds and it is possible to fit an ARM A(p, q) model for all combinations of
D € [Pmin, Pmaz) a0d ¢ € [@min, @maz] TOT IVEN Diin, Pmag, Gmin ¢maz and select the model with the best result according
to Eq. 10.

Random numbers can be easily generated from the resulting process. First, a N (0, 02) random number has to be generated
to determine the value of Z; which determines the elementary series of the APH distribution. Then the interevent time is
generated from the elementary series which means that for an elementary series of length ¢, ¢ exponentially distributed

random numbers are drawn.

5 Experimental Results

To assess the quality of our fitting approach we used several traces that have been synthetically generated by other models
and traces that have been measured in real systems and have already been introduced in Section 3. An empirical investigation
of the fitting requires some form of evaluation to compare different fitted processes which is not trivial for real traces which
contain correlation and a huge number of events. As in [7] we consider separately the fitting of the marginal distribution and
the correlation structure. For evaluation of the marginal distribution one can compare the fitted and the empirical moments or
the values of the likelihood function. Furthermore, QQ plots [23] can be applied to compare empirical and fitted distribution
functions. These measures usually allow a well-founded comparison of different models. In statistics additionally different
tests are used to decide whether a trace might be drawn from a distribution. However, these tests are developed for moderate
sample sizes with at most a few thousand samples. If they are applied to network traces with a million or more entries
they tend to reject the hypothesis that the sample is drawn from the distribution even if it has been drawn from exactly this
distribution [17]. Therefore, we do not use statistical tests to evaluate the marginal distribution.

Evaluation of the correlation structure is harder. It is, of course, possible to compare the lag k autocorrelation for the trace

and the fitted process. Similarly, higher order joint moments can be compared. However, these measures describe only part
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of the correlation. Unfortunately, other measures like the joint density or the likelihood function of the correlated trace are
hard to compute for the models that are used here. In [7] the two-dimensional KS test is used to evaluate values one lag apart
but the KS test in two dimensions suffers like in the one dimensional case from the huge sample size and therefore we did not
use it. Instead we compare the different processes by means of a derived quantity, namely the queueing performance when
used as input process for a simple ./D/1/K queue. Thus, we use the original trace and the fitted processes as input for a queue
with a capacity of 10 and deterministic service time and compare afterwards the distribution of the population in the queue

for different levels of utilization.

5.1 Synthetically Generated Traces

As a first example we generated a trace with 200.000 observations from a M AP(3) taken from [10]. We fitted Hyper-
Erlang distributions using GFIT [33] and general APH distributions using a moments matching approach from [11] and

expanded them into CHEPs or CAPPs, respectively, using the algorithm from Sect. 4.4. Since the MAP that was used for
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Figure 3: Fitting results for the Trace generated by a M AP(3)

trace generation exhibits autocorrelations only for lower lags, we use an AR(p) base process, that allows an exact matching

of the first p lags. Fitting result are shown in Fig. 3. As one can see GFIT that uses an EM algorithm provided a better
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approximation of the distribution than the moments matching approach, but in both cases an exact fitting of the first 5 lags

was possible.

5.2 Real Traces

As real traces we used two common benchmark traces from the Internet Traffic Archive, namely BC-pAug89 and LBL-TCP-3,
and the trace TUDo. Again, we used GFIT for fitting a Hyper-Erlang distribution to construct a CHEP and moments matching
to generate an APH distribution for CAPP fitting. For comparison we also fitted MAPs to the trace using the autocorrelation
fitting approach from [22]. The approach takes the same APH distribution as input that is used for CHEP/CAPP fitting and

expands it into a MAP by fitting a matrix D; according to the empirical autocorrelation coefficients of the trace.
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Figure 4: Results for the Trace BC-pAug89

Fig. 4 shows the results for the trace BC-pAug89. The figure contains the curves for the cumulative distribution function,
the lag-k autocorrelations and the queue length distribution for two different utilizations that have been obtained by simu-

lating an ./D/I queue with a buffer size of 10 for the trace and several fitted models. For the smaller CAPP(6,5,2) we
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used an acyclic PH distribution that was fitted according to the empirical moments of the trace and considered the first 60
lags of autocorrelation for fitting the base process. For the CH EP(10,13,3) and the CHEP(20,10,7) a Hyper-Erlang
distribution was fitted using GFIT with 10 and 20 states, respectively. For the construction of the base process 100 lags of
autocorrelation were considered. For comparison also a M AP(20) was fitted that uses the same interarrival time distribution
as the CHEP(20,10,7). As one can see from Fig. 4 a) the Hyper-Erlang distributions provided a better approximation
of the distribution than the general APH that was fitted using the moments. Regarding the autocorrelation shown in Fig. 4
b) all CHEPs and CAPPs provided a good approximation. The MAP fitting algorithm was only able to fit the first lags of
autocorrelation but falls short in approximating the higher lags. The better fitting of the autocorrelation structure for CHEPs
and CAPPs is also reflected by the queueing results shown in Figs. 4 ¢) and d). As one can see the MAP underestimates the
tail of the queue length for the lower utilization of 0.5, while the CHEPs and the CAPP capture the queue length distribution

of the trace for both utilization levels.
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Figure 5: Results for the Trace LBL-TCP-3

The results for the Trace LBL-TCP-3 are shown in Fig. 5. We fitted four different CHEPs, in particular a smaller
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CHEP(3,6,2),a CHEP(6,7,4),a CHEP(10,9,3) and a large CHEP(20,9, 3), all using a Hyper-Erlang distribution
fitted with GFIT. Additionally, we used the small HErD with 3 states and larger one with 10 states to fit two MAPs. As one
can see from Fig. 5 a) all HErDs were able to capture the empirical distribution of the trace. The result for the autocorrelation
are shown in Fig. 5 b). For fitting the CH EP(3,6,2) only the first 30 lags of autocorrelation were considered, for which
the process provides a good approximation, but the larger lags that are not used for fitting are overestimated. For the other
CHEPs 100 lags were fitted and consequently, these processes also captured the higher lags. The M AP(3) was also able to
provide a good approximation for the autocorrelation, although the lower lags are overestimated. For the larger M AP(10)
the fitting algorithm was only able to capture the first lags, again. As one can see from Figs. 5 c¢) and d) the models with the
best approximation of the autocorrelation, i.e. the three larger CHEPs, also provide the best approximation of the queueing
behavior. The smaller CHEP(3,6,2) and the M AP(10) fail to capture the tail of the queue length distribution for a small
utilization. The M AP(3) overestimates either the larger values of the queue length distribution for a small utilization or the

smaller values for a larger utilization, respectively.
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Figure 6: Results for the Trace TUDo
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The last trace considered for our experimental study is the trace TUDo. As one can see from Fig. 6 the Hyper-Erlang distri-
bution provided a better approximation of the empirical distribution than the APH fitted according to the moments, but in all
cases a good approximation of the autocorrelation was possible, even though the trace exhibits much larger autocorrelations
than the previous traces. Regarding the queue length distribution shown in Figs. 6 ¢) and d) the largest CH EP(10, 15, 6)
was able to capture the behavior of the trace best.

From the examples it is visible, that the CHEPs and CAPPs offer a larger flexibility for capturing the autocorrelations than
MAP fitting algorithms. Note, that in contrast to MAP fitting the approach for constructing the base process of a CAPP is
independent of the number of states of the APH distribution. Eq. 9 only depends on the number of elementary series and
once the base process autocorrelation has been determined the minimization of Eq. 10 is completely independent of the APH
order, but depends on the order of the base process and the number of autocorrelation lags to match. Moreover, for fitting
MAPs according to the autocorrelation the given APH distribution has a large influence on the possible entries in matrix
D; and therefore on the autocorrelation structure the MAP can exhibit. For a CAPP the distribution only determines the
lower and upper bound for the autocorrelation that is possible but due to the flexibility of the ARMA base process it has little

influence on the possible structure of the autocorrelation.

6 Conclusions

In this paper, we developed an approach to model correlated traffic streams by extending the established ARTA model of [12]
using an ARMA instead of an AR process to model the correlation structure and Acyclic Phase Type (APH) distributions to
describe the marginal distribution. The resulting model is denoted as Correlated Acyclic Phase Type Process (CAPP). An
algorithm is given that allows an efficient generation of CAPPs from trace data. By fitting some real network traces it is
shown that the use of APH distributions results in a significantly higher likelihood value and a better moment fitting for the
marginal distribution than possible with other commonly used distributions like Weibull or lognormal. The use of ARMA
instead of AR processes to describe the correlation results in a better match of a large number of lag correlations with a model
of a moderate size. The resulting CAPP processes can be easily integrated in simulation models. We used the approach to fit
traces from computer networks but it can be easily applied to other problems where high order correlations occur, examples
are system failures or some processing times in manufacturing systems.

It is, of course, possible to extend the model. For example it is possible to consider multivariate random processes or
correlated random vectors as done in the VARTA approach of [5]. Additionally, it is known that the autocorrelation is in
some cases not sufficient to describe the dependencies such that additional measures have to be considered. An approach
extending the VARTA approach in such a direction is given in [4], similar extensions of CAPP processes should be possible

as well.
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