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Abstract. Markov Decision Processes (MDPs) are a popular decision
model for stochastic systems. Introducing uncertainty in the transition
probability distribution by giving upper and lower bounds for the transi-
tion probabilities yields the model of Bounded Parameter MDPs (BMDPs)
which captures many practical situations with limited knowledge about a
system or its environment. In this paper the class of BMDPs is extended
to Bounded Parameter Semi Markov Decision Processes (BSMDPs). The
main focus of the paper is on the introduction and numerical compari-
son of different algorithms to compute optimal policies for BMDPs and
BSMDPs; specifically, we introduce and compare variants of value and
policy iteration.

The paper delivers an empirical comparison between different numerical
algorithms for BMDPs and BSMDPs, with an emphasis on the required
solution time.

Keywords: (Bounded Parameter) (Semi-)Markov Decision Process, Dis-
counted Reward, Average Reward, Value Iteration, Policy Iteration

1 Algorithms

1.1 Solution methods for MDPs
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Algorithm 1 Value iteration for discrete-time MDPs with discounted reward
criterion

Require: MDP (S, A, (P%)aca, (r%)aca, p), discount factor ~;
1: Specify v® >0, ¢>0and set k= 0;
2: repeat
3 for i € S do
4 oD (1) = maxaea (1) +7 s P70 ()
5: k=k+1;
) : k— k 1-
6: until Hv( D ol )H <ezt
7: Choose (i) € arg maxaeA (r“(i) +72 es P“(i,j)v(k>(j)) for all ¢ € S;
8

: return An e-optimal policy 7, value vector v,

Algorithm 2 Value iteration for discrete-time MDPs with expected total reward
criterion

Require: MDP (S, A, (P%)acAa, (r%)aca, P);
1: Specify v® >0, ¢ > 0 and set k = 0;

2: repeat

3 for i € S do

4 v (i) = maxaea (r°() + jes P00 G) )

5: k=k+1;

6: until Hv(’“l) — v<k)H <€

7: (i) € arg maxaeAa (ra(z') +2jes P“(i,j)v(k)(j)) for all i € S;
8: return An e-optimal policy r;

Algorithm 3 Policy iteration for discrete-time MDPs with discounted reward
criterion

Require: MDP (S, A, (P%)acAa, (r%)eca, p), discount factor
1: Specify ©#® € IT some pure initial policy and set k = 0;

2: repeat
3: (Policy evaluation) Solve

r.,r(k) _ (I o ’}/P"(m) 'U(k);
4: (Policy improvement) Choose w* D o satisfy

(k+1) _ ( a Pe (k>)
™ arggleaj( rT +yP%v

choosing w**V (i) = w*) (i) when possible;
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7: return An optimal policy " = 71'<k>;
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Algorithm 4 Policy iteration for discrete-time MDPs with expected total re-
ward criterion

Require: MDP (S, A, (P%)acAa, (r%)aca, P);
1: Specify ©#(© € IT some pure initial policy and set k = 0;

2: repeat
3: (Policy evaluation) Solve

T.,.,(lc) _ (I . P.".(k)) U<k);
4: (Policy improvement) Choose 7+ 4o satisfy

kD) — arg max (7‘“ + Pa’u(k>)
acA

choosing ¥V (i) = (¥ (7) when possible;
5: k=k+1;
until w1 = 7*)
7: return An optimal policy 7 = 7*);

&>

1.2 Solution methods for SMDPs
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Algorithm 5 Relative value iteration for discrete-time MDPs with average
reward criterion

Require: MDP (S, A, (P%)acAa, (T%)aca,P)
1: Specify v©® >0, e>0, set k=0, and choose one state i € S;

2: repeat

3 w® = v®) —ev® () ;

4 for i € S do

5 oD (i) = maxaea (1) + Ljes P60 ());

6: k=k+1;

7: until max;es (’u(’“'*'l)(i) — v(k)(i)) — mines (’u“””(i) — 'U(k)(i)) <e€
8: (i) € argmaxaeA (r“(i) +Xes Pa(i,j)w(k>(j)) for all ¢ € S;

9: Set # =7, G =w® (1) and h = w;

10: return An e-optimal policy 7r, average gain G and bias vector h;

Algorithm 6 Policy iteration for discrete-time MDPs with average reward cri-
terion

Require: MDP (87 Av (PG)GEAa (ra)aeAap)

1: Specify ©#® € IT some pure initial policy and set k = 0;
2: repeat

3: (Policy evaluation) Solve

(k)

T = (If P"'(k)) g(k) +G1
by setting g(io) = 0 for some fixed state io € 5. Compute H®) = (I - P).

Then H™ is the matrix with the column corresponding to state ig replaced by a
column of 1’s. Solve the linear system

" = W w
where G is the ioth component of the solution vector w and h™ (i) = w(i) for
i # fo;

4: (Policy improvement) Choose 7+ 4o satisfy

7+t = arg max (ra + P“h(k))
acA

choosing w**V (i) = w*) (i) when possible;
k=k+1;
until 7Y = 7
Set #* =¥, G* = G*D b =hFD
return An optimal policy 7, the optimal average gain G* and the deviation vector
h;
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Algorithm 7 Uniformization method for SMDPs with average reward criterion

Require: SMDP (S, A, (P*)aca, (T%)aca, P), time vectors {y*}aca (average sojourn

_ =
—_

times in states)
Choose 7 = min;es mingea y*(2)/(1 — P*(3,1));
for a € A do
5°(i) = r*(9) /y* (1);
for a € A do
for i € S do
for j € S do
if i # j then
A N g PY(G)
Q (i,j)=n va(i) -
else
~a . . P*(i,5)—1.
Q (7'7.7) = 1+”7%1

: return Discrete-time MDP (S, A, (Q*)aca, {8 }aca), 7

Algorithm 8 Value iteration for discrete-time SMDPs with average reward
criterion

Require: SMDP (S, A, (P*)aca, (7%)aca, p), time vectors {y*}aca (average sojourn

1:

times in states)

Apply Algorithm [7] to transform the SMDP in an according to the average reward
equivalent MDP {S, A, {Q“}aca, {8 }aca}. Save n;

Use value iteration Algorithm [5|to analyze the MDP;

return An e-optimal policy 7, average gain G and bias vector h = nh;

Algorithm 9 Policy iteration for discrete-time SMDPs with average reward
criterion

Require: SMDP (S, A, (P*)aca, (1%)aca, p), time vectors {y®}aca (average sojourn

1:

times in states)

Apply Algorithm [7] to transform the SMDP in an according to the average reward
equivalent MDP {S, A, {Q"}aca, {5 }aca}- Save n;

Use policy iteration Algorithm [f] to analyze the MDP;

return An optimal policy ", average gain G* and bias vector h = nh;
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Algorithm 10 Transformation method for SMDPs with discounted reward cri-
terion

Require: SMDP (S, A, (P%)aca, (1%)aca, ((p(a’“,Dé“’i))) R s)’ discount factor
a€A,i€
B;

1: for a € A do

2: Let {(p“), Déi))}igs be the set of Phase-type distributions corresponding to
the action a;

3: for i € S do

Compute s%(i) = 7%(7)

(1 — F*(i,t))e ?'dt and for all j € S

0%8

Q°(i,5) = P*(,5) }Ofa(i7 t)e Ptdt with the uniformization based

method [I] using the %ollowing data.

Compute dgi) = fDé”][;

Set P = D(()i) — BI and X = maxvi jes |PY (i, 5)];

Compute P& = %P(i) + 1, dﬁ“ = %dﬁ” and the time step A = 1/);
5: return Discrete-time discounted MDP (S, A, (Q")uc A, (8%)aca);

Algorithm 11 Value iteration for discrete-time SMDPs with discounted reward
criterion

Require: SMDP (S, A, {P%}aca, {7 }aca, {(@*?, D(()a’i))}aeAﬂ;eS), discount factor
B;
1: Apply transformation Algorithm [I0]to transform the SMDP in an according to the
discounted reward equivalent MDP (S, A, {Q"}aca, {8 }aca);
2: Use value iteration Algorithm [2| to analyze the MDP {S, A, {Q"}uca, {s*}aca}
according to the expected total reward criterion;
3: return An e-optimal policy ;

Algorithm 12 Policy iteration for discrete-time SMDPs with discounted reward
criterion

Require: SMDP (S, A, {P*}aca, {7 }aca, {(p'™?, Déa‘i))}aeAﬂ-es), discount factor
B
1: Apply transformation Algorithm [I0]to transform the SMDP in an according to the
discounted reward equivalent MDP (S, A, {Q"}aca, {8“ aca);
2: Use policy iteration Algorithm [4|to analyze the MDP {S, A, {Q"}aca, {5*}aca}
according to the expected total reward criterion;
3: return Optimal policy 7™;
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1.3 Solution methods for BMDPs

Algorithm 13 Interval value iteration for discrete-time BMDPs with discounted
reward criterion

Require: BMDP (S, A, (P§)aca, (r%)aeA), discount factor (’y‘f)agA, pessimistic is
true when the optimal lower bound has to be computed and false when the optimal

o

upper bound has to be computed;
Specify v >0, #(® >0, ¢ > 0 and set k = 0;
— =/ if pessimistic, otherwise — =1
v* =max {v% (i) | (i,a) € S x A}
repeat
for i € S do

[p*D (), 7*+D ()] = interval_value(i, 7® (i),

(Y4, )aca, v®) ¢ pessimistic);
k=k+1;

8: until Hv(k“) - v(k)H < 612777*
—

return An e-optimal policy 7, value vector v

k).

(PYacas (r)acas
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1: function INTERVAL_VALUE(state 4, current decision ai, (P{)acA, (7])aca; (Y*)aca,
v, €, pessimistic)
2: w = —1.0e + 12;
3: if pessimistic then
4: (i1,12,...,1in) < ascending order of states with respect to states’ values v;
5: else
6: (i1,12,...,1n) < descending order of states with respect to states’ values v;
T p=P{;
8: for a € A do
9: val =vypv ;
10: if pessimistic then
11: val = val +r{ (i) ;
12: else
13: val = val + r$(3) ;
14: r = pl;
15: for j € (i1,42,...,in) do
16: if P{(i,5) > P{(i,j) ; then
17: m:min(P%(i,j)_p(j)vl_T);
18: val = val + (i) - mv(j);
19: r=r-+m;
20: if r > 1 — 10¢; then return ;
21: if val > w then
22: w = val;
23: at = a;

N
=~

return ai, w;
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Algorithm 14 Policy iteration 1 for discrete-time BMDPs with discounted
reward criterion

Require: BMDP (S,.A, (Pf)aca, (r%)aeA), discount factor (v{)aca, pessimistic is

[N

W

10:
11:

12:
13:
14:

15:

16:
17:

18:

true when the optimal lower bound has to be computed and false when the optimal
upper bound has to be computed;

: Specify ¢(1) € II some pure initial policy, 0@ = p?M and set k = 1;

. if pessimistic then

) ©)
r= dlag(’yf );

ML(P?M, v*~Y) = argmin (FPv*—Y);

o (k)
PGPl

Solve

rf(k) _ (I B M¢(P$(k)» v““‘”)) MOP

for i € S do
for a € A do
[7(P3(ie), v®) = minpeps (FP(io)v““))) ;

Choose ¢* 1) (i) to satisfy

(0 (i) = argmax (r4(i) + 7} () f7 (P (i), o))
keeping d)(k“)(i) = d)(k)(i) when possible;

if ¢FtY = ¢(®) then
Set ¢] = ¢t and terminate. Otherwise set k = k + 1 and go to Step

else

r= diag(’yf(m

(k)
Mqy(P¢,

);

vy = argmax (FPv*—Y);

»(k)
ePy
Solve

rf(k) _ (I _ MT(P‘f(M, v(kfl))> v ®,

for i € S do
for a € A do
f?(P%(ZO), 'v(k)) = ma,XPepg (P(iO)v(k>)) :

Choose ¢*+1) (i) to satisfy

PF D (i) = arg max (T‘?(z) +75(0) ff (P (ie), fu(k)))
keeping ¢(k+1)(i) = dJ(k)(i) when possible;

if ¢t = ¢(*) then
Set ¢F = ¢t and terminate. Otherwise set k = k+ 1 and go to Step

return An optimal policy ¢] if pessimistic is true and @3 if pessimistic is false;
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Algorithm 15 Policy iteration 2 for discrete-time BMDPs with discounted
reward criterion

Require: BMDP (S, A, (P§)aca, (r$),1€,4), discount factor (v{)aca, pessimistic is
true when the optimal lower bound has to be computed and false when the optimal
upper bound has to be computed;

1: Specify ¢*) € IT some pure initial policy, v® = r*™) e >0 and set k=1, [ = 1;
2: if pessimistic then
3: repeat
. (k)
4: r= dla;g()'yf );
k . —
MyPEY o) = argmin o) (PP
Solve
,,.f(k) — (I _ M‘L(P%S(k), v(lfl))) @

5: until Hv(l) —o V| < ¢
6: v=0v";
7 for i € S do
8: for a € A do
9: [l (Pi(ie), v) = minpepfil (P(io)v)) ;
10: Choose ¢* 1) () to satisfy

¢+ (i) = argmax (1) + 7} () f1 (P4 (ie), )
keeping ¢* V(i) = ¢*) (i) when possible;
11:  if ¢t = ¢ then

12: Set @] = ¢t and terminate. Otherwise set k = k+ 1,1 =1, v® = v
and go to Step [3}
13: else
14: repeat
15: I = diag(’yf(k));
M¢(P$(k), v(z—l)) = arg maXPeP‘f(k) (va(l—l));

Solve

r%ﬁ(k) — (I — 'YMT(Pf(k)u U(Z*U)> v ®;

16: until Hv”) — v(kl)H < €

17: v = v(l);
18: for i € S do

(=]

19: for a € Ado
20: f{(Pi(ie), v) = maxpepg (P(io)v)) ;
21: Choose ¢+ (3) to satisfy

1) (i) = arg max (rm) + L) f2 (P (is), 'u))
keeping ¢V (3) = ¢® () when possible;
22:  if ¢*tY = ¢ then
23: Set @] = ¢* Y and terminate. Otherwise set k = k+ 1,1 =1, v® = v
and go to Step

24: return An optimal policy ¢ if pessimistic is true and @3 if pessimistic is false;
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Algorithm 16 Interval value iteration for discrete-time BMDPs with average
reward criterion

Require: BMDP (87./4, (P%)QGA,(Tﬁ)aeA), pessimistic is true when the optimal
lower bound has to be computed and false when the optimal upper bound has
to be computed;

1: Specify v® >0, 7 >0, >0, set k=0, and choose one state 7o € S;
2: repeat

3: w® = v® —ev® (iy) ;

4: for i € S do

5:

[w* D (7)), " (4)] = interval_value(i, 7 (4), (P})aca, (T1)aca, 1, w®)
€, pessimistic);
until max;es (v(kﬂ)(i) — 'u(k>(i)> — minses (v(k“)(i) — v<k)(i)) <€
7: Set # =7, G = w™ (1) and h = w;
8: return An e-optimal policy 7, average gain G and bias vector h;

>

Algorithm 17 Policy iteration 1 for discrete-time BMDPs with average reward
criterion when optimal lower bound should be computed

Require: BMDP (S,A, (P%)aeA, (7'@:16,4);

1: Specify @m € II some pure initial policy, R = rf(l) and set k = 1;

. &) (k=1)y . 7 (k—1)\.
2: ML(P$ , h )= argmlnpep%—)(k) (Ph );
Solve
'rf(k) _ (If ML(P}I_’UC), ’—l(lcfl))> AL + H,T;
by setting ﬁ(k)(ig) = 0 for some fixed state i € S. Compute
(—;(k) _ I—M &) 7 (k—1) ~(k) . . .
o= - M (P ", h )). Then G|~ is the matrix with the col-

umn corresponding to state ig replaced by a column of 1’s. Solve the linear system

" = éik)w
where Eim is the ioth component of the solution vector w and h™™ (i) = w(i) for
1 # 1o;
for i € S; do
for a € A; do
/£ (P4(ie). B) = minpepy (P(in)h™)) ;
Choose J)(kﬂ)(i) to satisfy

" (i) = argmax (1) + f1(P2 (o), B))
keeping Q_S(kH)(i) = cf_)(k)(i) when possible;
7. if ¥V = % then
Set q;j = ($(k+l> and terminate. Otherwise set £k = k + 1 and go to Step
9: return An optimal policy d_)i,
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Algorithm 18 Policy iteration 1 for discrete-time BMDPs with average reward
criterion when optimal upper bound should be computed

Require: BMDP (S, A, (Pf)aca, (rf)aca );
1: Specify J)(U € II some pure initial policy, R = rf(l) and set k = 1;

k) T (k—1) 7 (k—1)
2: MT(P%5 , h ):argmaxpep%;(m (Ph );
Solve
5(k) 5 = (k—1)\\ 7 (k) | 7
r = <I—M¢(P‘f ,h ))h + Hy T,
by setting ’_l(k)(io) = 0 for some fixed state i € S. Compute
a® — (1— e Y ~(k) o
T= - Mqy(PY ", h ) ). Then G4~ is the matrix with the col-
umn corresponding to state io replaced by a column of 1’s. Solve the linear system
o = G’#k)w

where H%k) is the ioth component of the solution vector w and ’_l(k)(i) = w(i) for
i # fio;
for i € S; do
for a € A; do
fR (P (ie), i_z<k)) = maxpepy (P(io)l_z(k))) ;
Choose ¢_><k+1>(i) to satisfy

Z(k+1) /. ay: arpar 3k
¢( + )(z) = arg 151635\( (rT(z) + fF (Pi(zo), R )))
keeping q?)(k+l)(i) = qz_S(k)(i) when possible;
7. if 3% = %) then
Set d_ﬁ = ¢_><k+1> and terminate. Otherwise set k = k + 1 and go to Step
9: return An optimal policy (f_);,
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Algorithm 19 Policy iteration 2 for discrete-time BMDPs with average reward
criterion when optimal lower bound should be computed

Require: BMDP (S,A, (P%)aEAy (rtf)aEA);
1: Specify d_)(l) € II some pure initial policy, R = ’l"f(l) andset k=1,1=1;
2: repeat
. k) T (1-1)y . ) 7 (1=1).
3: M (P? ,h ) = arg mlnpep%)(k) (Ph );

?
Solve
Tf(k) _ (I— Mi(Pg’(k)» E(l—l))) A
by setting ’_l<l)(io) = 0 for some fixed state igc € S. Compute

Gik) = (I—M¢(Pf(k>, f_L(l_l)) . Then éik) is the matrix with the col-

umn corresponding to state i replaced by a column of 1’s. Solve the linear system

r" = Cl'ik)w
where Hik) is the ipth component of the solution vector w and ’_l(l)(i) = w(i) for
i # fo;
until HFL(Z) — R
R=RY,
for : € S; do
fora € A;do ~
ff(P%(io), h) = minpeplf (P(io)h)) ;
Choose d_)(kH)(i) to satisfy

< €

—(k ) ay: Al ars N T
¢( +1)(1) = argmax (ri(z) + [ (P4 (ie), h))
keeping ($<k+l)(i) = $(k>(i) when possible;
10: if 3% = 3™ then
11: Set d_)I = J)(k-H) and terminate. Otherwise set k =k + 1,1 =1, R =R and

go to Step [2}
12: return An optimal policy (f_)I,
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Algorithm 20 Policy iteration 2 for discrete-time BMDPs with average reward
criterion when optimal upper bound should be computed

Require: BMDP (S,A, (P%)aEAy (7'%)0.6.,4);

1: Specify J)(l) € II some pure initial policy, R = rf(l) andset k=1,1=1;
2: repeat

() (-1 71
3: MT(P§> A )):argmaxpep%uk) (Ph( >);
Solve
rf(k) _ (I— MT(P‘E(M, ’—1(1_1))) At
by setting R'(io) = 0 for some fixed state iy € S. Compute G’%k) =

R = (1-1) ~(k) . . .
I-My(PY ,h ) ). Then G}~ is the matrix with the column corre-

sponding to state ip replaced by a column of 1’s. Solve the linear system

r" = f}'%k)'w
where H#k) is the ipth component of the solution vector w and i_z(l)(i) = w(i) for
i # fio;
until Hl_l(l) — Y
R=RY,
: for i € S; do
fora € A;do B
F#(Pi(is), B) = maxpeps (P(io)h) ;
Choose d_l(k+l)(i) to satisfy

< €

—(k ) ay- R
¢( +1)(1) = argmax (T‘T(’L) + f{ (P4 (ie), h))
keeping " (i) = ™ (i) when possible;
10: if 3% = 3™ then
11: Set d_); = J)(k-H) and terminate. Otherwise set k = k+ 1,1 =1, R =k and

go to Step [
12: return An optimal policy (f_):,
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1.4 Solution methods for BSMDPs

Algorithm 21 Transformation method for BSMDPs with average reward cri-
terion

Require: BSMDP ((P%)aeA, (F4(i,1))aca, (r%));
1: for (-),4_) S {(T7 Jr)7 (\L> T)} do
for (i,a) € S x Ado

3: Let the {(p(f), Dgi))}?es and {(p?, D(()iT)) fcs be the sets of Phase-type
distributions corresponding to the action a;

Y

4 y%, (i) = —p (D) 7'

5 8% (6) = T3

6: 7 = MiNjes,acA %a

7 for a € Ado

8: S = (P, — I);

9: d = diag(S);

10: R = diag(y®,) " "(S — diag(d));
11: e = diag(y? )" 'd + T
12: Q?, = diag(e) + R;

13: return BMDP ((Q%)aeAa (si)aE.A)7 n;

Algorithm 22 Analysis of BSMDPs under the average reward criterion
Require: BSMDP ((P%)aeA, (F2(is1))aca, (r‘f));

1: Transform ((P@aeA, (F3(0,1))ac, (r@) into BMDP ((Q%)GGA, (si)agA), neR
using Algorithm

2: Analyze BMDP (S7 A, (QF)aca, (Si)aeA) with one of methods|16|,

and obtain policy ¢, gain H, bias vector h.
3: return (¢, H,nh)
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Algorithm 23 Transformation method for BSMDPs with discounted reward
criterion

Require: BSMDP ((P%)aeA, (F$(i,t))aca, ('r%)), discount rate B;
i (QY)aca = (Pf)aca ;
2: for a € A do ,
3: Let the {(pi , D(l )}ies and {(pT , E)?)};les be the sets of Phase-type distri-
butions correspondlng to the action a;
4: for a € A do
5: for i € S do

6: Using {(pi , D(Z ) }ies compute lower bound vectors and matrices
(3) _ (®)
dli = _D(u I

Set Py = DY) — BT and A, = maxvijes [P\ (i, )];
d(z) = d<¢ and the time step Ap = 10/Ay;

=
o0
Compute s{(i) = r{(i) [ (1 — F(i,t))e "'dt and
0
the discount factor ~v{ (i f fi(i,t)e ~Atdt with the uniformization

based method [I] using P(Z) d(z

@ 4.

Using {(p%), D())}zES compute upper bound vectors and ma-

trices
(1) _ () .

A

P = Df) - I;

At = maxv; jes ‘P%Z)(i»j)h
M _ 1 p@ .

PY = LPY 4

T
dg? = 1? dg? and the time step Ay = 10/Aq;

Compute s§ (i) = r§(4) !(1 — Ff(i,t))e P'dt and

the discount factor ~§ (i f i@, t)e —Atdt with the uniformization

based method [I] using P(l) d§?7

7: return (Q$)a€A7 (Si)aE.Av (73)(16.%\ )
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Algorithm 24 Analysis of BSMDPs under the discounted reward criterion

Require: BSMDP ((P%)aeA, (F$(it))aca, (r%)), discount rate v € [0, 1);
1: Transform ((P%)aeA, (F3(it))aca, (r%)) into BMDP Qi acA, (81) aeA , state-
dependent discount factor vector (’y$ € R‘SI)QQA using Algorithm .
2: Analyze BMDP (8, A, (Qi)aeA, (%)aeA) with one of methods h E under
discount factor (’7%)(16 4 and obtain policy ¢, gain vector v.
3: return (¢,v)
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1.5 Solution methods for continuous-time processes

Algorithm 25 Uniformization method for CTMDPs

Require: CTMDP (S, A, {Q%}aca, {r®}aca), discount factor 3, discounted is true for
the discounted reward measure and false else.

1: A =maxvies,vaca |Q%(4,1)];
2: for a € A do
3: P =1+ %Qa;
4: if discounteda then
5: z“(i):TAT(;;, VieS;
6: else o
T z”(i):T;Z), VieS;
8: if discounted then
. D N
9 =555

10: return Discrete-time MDP {S, A, {P}.c4,{2%}aca}, discount factor ~y if dis-
counted is true;
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